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TECHNICAL NOTE NO. 1457

OVERB ALANCING IN RESIDUAL~LIQUIDATION COMPUTATIONST

By Alfred S. Niles
SUMMARY

The analysis of statically indeterminate structures by Southwell's
relaxstion method i1s often excessively tedlious. In the present report
methods are developed for the systematic design of group displacements
which expedite the liquidation of residuals in certain classes of problem,

It is shown that when ths tebles of functions are availdble the use of

the technique developed leads to a conslderably large saving in compu—
tation labor and extends the field of practical applicatlion of Southwell's
method. In order to facllitate the expansion of the tables of functlons,
the methods used in theilr computation are outlined In some detail.

INTRODUCTION

In »ecent years there has been much interest in the system of
analysis originated by R. V. Southwell and termed by him the "relaxation
method." This method 1s not a spscific procedure applicsble to only a
limited class of problem but a general technique for attacking many classes
of problem, Although it has been demonstrated that the method can be uazed
to great advantage to analyze problems that are highly intractable to
older =snd more conventional methods, the true limite to its fleld of
effectiveness are stlll unknown, and new applicatlons are constantly
being developed. An lmportant characteristic of the method is that unless
gpecial devices are employed, ths numsrical work involved in its use is
likely to become Imprecticably tedious, =2nd 1ts limits of practical use
are correspondingly restricted. The obJective of the present paper is to
present a system of applylng Southwell!s basic method in a& manner that
will often greatly reduce the amount of computation lsbor needed to obtain
the desired result and thus vo extend its range of effective use, In ths
present paper Southwelll!s relaxation nethod is termsd the "residual—
liquidation method."” This work was conducted at Stanford University under
the sponsorship and with the financial agsigtance of the National Advisory
Committee for Asronautics.

lComplete tabular data and application of this method 1o several
panel problems ars contained in an unpublished report "Overbalancing
in Residual Liquidation Analyses” by Alfred S. Niles, which is avail-
able for reference or loan in the Division of Ressarch Information,
Natlonal Advisory Comnittee for Asronautics, Washington, D. C.
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RESTDUAT~LIQUIDATION METHCD

Basic Procedure

Before considering the present modificetione it 1s advisable to pre—
gent a brief outline of the basic method and to define a number of technical
terms according to the meenings with which they are used throughout thie
report. Before a structure can be aneslyzed by residusl liquidation, 1t ie
necessary to construct an "operations teble" or equivalent "operations dia—
grams." For this purpose the structure is divided into a number of elements
connected at sultably chosen points, which mey be called ™ Joints"™ or "stations.”

Each Joint is then assumed to-be dlsplaced with respect-to the
remainder through a known distance, and from the resulting strains the
internal forces that would be developed aegalnst the Joints are computed,

One of these forces will act at the displaced Joint, along the line of the
displacement, but in the opposite direction. This is called the "resistance"
at the displaeced Joint. The other forces acting ageinst the Jointe are the
"carry—over forces" from the displaced Joint to the Joints at which they
act. The operations table gives the resistances and carry-overs associated
with the various Joint displacements that are likely to be of interest. In
order to be complete it should also include the magnitudes of the displace—
mente involved. If the displacements are 1 unit of distance in magnitude
the resistances and carry-—overe are designated "unit."” If they are of such
magnitude that the resistances at the displaced Joints are equal in mag—
nitude to a unit—of force, the displacements and carry—over forces are
designated "bagic." In practice an operations bteble may be limited to—unit
or basic values, but 1t is sometimes convenient to include both. The ratioc
of a carry—over force to the associated resistarce is a "carry—over factor."
The resultant of the system composed of the resistance and carry-over forces
associated with a single Joint displacement must be zero., An operations
diagrem differs from an operstions table only in the manner of presenting
the data. '

After the operations table has been constructed, & structure is ready
for analyels by residuel liquidation., The first step is to assume the
presence at each Joint of imaginary rigid "constrainte" capable of devel~—
oping the reactions that may be needed to maintain the Joint in equilib—
rium. Then the known external loads and reactions are assumed to be .
imposed at the appropriate Joilnts without causing any Joint displacements.
At this stage each of these forces must be considered as an "unbalanced
force"; that is, it is not balanced by any forces in the actual structure
since that structure is still assumed to be without gtrain. Its elements
therefore develop no resisting forces and the conmstraints must be relied
upon to maintain equilibrium. If, now, the Joint at which the largest
unbalanced force acts should be displaced along the line of action of that
force, an internal .force will be developed which will reduce that which
the constraints must provide. From the operatlions table one can determine
the amount of dlsplacement requlred to reduce to zero the force that must—
be provided by the constrainte at the displaced Joint. If that displacement
is assumsd, the displaced Joint is sgid to be "balanced."



NACA TN No. 1457 : ' 3

In general the balancing of a Joint does not eliminate the unbalanced
force that acted there prior to the balancing operation, A statically
equivalent group of forces i1s distributed among or carried over to the
ad Jacent Joints. The result of displacing a Joint is therefore best
described as a "force transfer"” or "force transformation." When the force
carried over to a Joint l1s equal and opposite to an unbalanced force already
acting at that Joint, the two neutralize each other and may properly be
considered to have been "liquidated,”" In any case the algebraic sum of the
preexisting unbalanced force at a Joint and that carried over to it as a
result of balancing an adjacent Joint will now be the unbalanced force at
that Joint which must be held in equilibrium by the constraints. TFor
convenience 1t is called the "residual"™ at the Joint in question.

Normally the individual forces carried over to adjacent Joints when a
Joint is balanced are smaller then the resistance developed =t the balanced
Joint. Theoretically it is posslble, by successively balancing the Joint
subJected to the largest residual, to reduce the magnitude of that largest
residual until 8ll of the original umnbalenced forces have been so trans—
ferred that they have come into opposition with thelr equilibrants and have
been liquidated. This condition would be indicated by the fact that the
residual at every Joint equals zero. Actually, however, except in the
simplest structures, to reach that stage would require an infinlte number
of steps. In practice therefore the analysis is stopped when the residuals
have been reduced to negligible magnitudes. The record of original unbal—
anced forces, assumed Joint displacements, resulting resistances, carry—
over forces, and residuals is a "llquidation table."

If the liquidation of the residusls 1s carried out in the manner Just
described, the number of steps required is likely to be excessive. This
ig due primarily to the fact that after a Joint has been balanced it is
thrown out of balance by carry—over forces developed by the balancing of
the ad Jjacent Jolnts. Ons method of reducing the regquired runber of steps
is to employ "group displacements” in which several Joints are assumed to
be displaced simultanecusly. If the group displacement is one in which
there is no relative movement between the Joints of the moving group it
is known as a "block displacement.” The resistances and carry—over forces
ageociated with any given group displacement can easily be determined by
applying the method of superposition to the data in the operations table
and can be included in that table, The liguldation of residuals can often
be greatly expedited by the use of suitable group displacements.

Theory of Overbalsncing

Another line of attack is to overbaslance the Joints., Instead of
assuming merely the displacement needed to balance a Joint under the
agsumption that the adjacent Jolnts are not displaced, a larger dis—
placement is agsumed. One result is that the unbalanced force or residusl
at the Joint is replaced by a residuel in the opposite direction. Then,



4 - NACA TN No. 1457

when the adjacent Joints are assumed displaced, the carry—over forces will
tend to liquidate that residual. If the correct displacements were assumed,
each Joint would need to be displaced only once in order to liguidate all
the unbalanced forces.  This ldeal 1s seldom attalnable but 1t is often
possible to make such good estimates regerding the necessary displacements
that the liquidation will be greatly expedited.

When a single Joint is displaced the resulting force transfer affects
only the residuals at the displaced Joint and those adjacent to 1t. When
several Joints are displaced simultaneously the changes in the residusals
due to the resulting force transfers may fall into any one of a number of
"transfer patterns.” Thus & single force may be trensferred to one or more
Joints at various distances from its original position, a single force may
be distributed among other Joints in various proportions, a group of forces
may &ll be transferred to & single Joint, and so farth, It is possible to
construct an "overbalance table" or "overbalance diagram" showlng the
relative dlsplacements required and resistances developed at the Joints
involved, in order to transfer forces In a given pattern, With tables for
the more useful patterns available as guildes, it is possible to overbalance
the Joints so as to llguldate the residuals gquite effliciently. In some
cases the original unbalenced loads can be carried directly to the Joints
where they come into opposition to their equilibrants. Usually, however,
it is necessary to carry through several cyclee of residual liquidation,
though many fewer than if no advantage were taken of the possibilities
of overbalancing. h '

An overbalance table for a given transfer pattern should include the
"original forces" supposed to exist prior to the transfer, the “final forces"
which replace them, and the “resistances" which would be developed by each
djsplacenment of the group if it-were the only one to take place. TIn this
report,; the term "the resistmmce™ is consistently used for the resistance
that would be developed at a Joint, parallel tuv ite displacement, if its
agsumed displacement were the only one to be congidered. The resultant
force parallel to the displacement of a Joint resulting from an assumed
gimltaneous displacement of that and other Joints is termed the "net Fforce™
at that Joint. The final force parallel to the displacement of a Joint is
the algebraic sum of the original force, 1f any, and the net force. The
tables constructed for general use are called “"characteristic overbalance
tables" and each is built up around the transfer of a "characteristic load."
This may be a single original force which is to be replaced by one or more
final forces. It may also be a single final force which is to replace a
group of original forces. It—may even be the sum of a group of original
forcea that is to be replaced by another group of final forces, It would
have been possible to construct the characterigtic overbalance tebles of
this report on the basis of a characteristic force of unity In every case,
but that would heve been inconvenient. It is preferable to use character—
istic forces of magnitudes appropriate to the individual. transfer patterns
and give the charsacterigtic force in each overbalance table. The character—
istic load, resistences, and so forthﬁ eppearing in the overbalaence table
for a given trangfer pattern are the "overbalance factors" for that pattern.
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Since it 1s only accidentally that it will be desired to transfer a
"specific load" exactly equal to the characteristic load of & charascteristic
overbalance table, the actual force to be transferred would be divided by
the characteristic force to obtain the ™ad justment ratio." Miltiplication
of the values in the characteristic overbalance table by the adjustment

ratio then produces the data for a "specific overbalance table" or “transfer

record” for the load under consideration, The resistances shown in the
characteristic overbalance tables are called "characteristic resistances,”
and those in a specific overbalance table are "specific resistances.” At
times 1t 1s convenient to include the casrry—over forces in an overbalance
teble or diagram. In this case, it is desirable to designate them either
characteristic or specific, according to the type of table or diagram with
which they are connected.

Overbalance tables and dlagrams could be devised to fit structures
composed of elements of varied size, but each such structure would require
its own set of tables and they would be valid only for that structure and
others that might be geometrically similar. Such tables will be found in
the analysis of the structures in question. The only overbalence tables
of general application are those designed for "uniform structures" composed
of & number of identical elements, and most of those discussed in this
report are of this character. A representative structure of this type is
g flat sheet reinforced by equael-sized, uniformly spaced, longitudinal
stringers and equal-sized, uniformly spaced, transverse ribs. Here the
basic element is the panel bounded by adjacent ribs and stringers. The
natural locations for the Jointe at which the constraints are assumed to
act are the intersections of ribs and stiffeners and it ie to be noted
that these Joints are naturally grouped into "sequences" salong the indi-—
viduel ribs and stringers. In this exsmple each.joint is & meumber of two
different sequences, and the sequences may be divided into two families.

In general the Jointes of a uniform structure fall naturally into such
sequences, and the sequences mey be grouped into ome or more families.
With some structures all Joints may- £all into & single sequence.

In general the Joints of a sequence lie along a straight line, If
one Joint is displaced along the line of a sequence of which it is &
menber, the sum of the carry—over forces to the ad jacent Jjoints of the
sequence may or may not be equal and opposite to the resistance devel-—
oped at the displaced Joint. The ratio of this sum of the carry—over
forces to the resistance is the "transfer factor" for the sequence and
depends on the physical properties of the structure. If the transfer
factor is other than unity, the difference represents "leakage" or forces
transferred from the sequence in question to parallel sequences.

Although uniform structures with all joints in & single sequence and
with a transfer factor of unity are relatively uncormmon, they exist in
sufficient number to Justify the construction of overbalance tables Ffor
them, Such tables are easier to devise than those for structures with
smaller transfer factors and it is advissble .to digcuse them in some
detall before taki up the more complex problem of structures with
tranafer factors less than unity.
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CONSTRUCTION OF OVERBALANCE TABLES

Transfer Factor k Equal to Unlty

The method used to construct a characterlistic overbalance table can
be hest explalined by carrylng out an illustrative example In detail. Let
the example be the transfer of a force from an intermediate Jolnt of a
gequence to the end Jolnts, the latter being assumed not displaced. In
order to meke the problem more speclific, assume that the sequence consists
of nine joints numbered serially from O to 8 and that the force to be
transferred to Joints O to 8 1s located at Joint 5. This situation 1s
shown dlagremmaticelly in figure 1. In thig case it will be noted that
the original load system 1s the single force of 8 units applied at joint 5
and the selected flnal force system 1s composed of 3 units at Jjoint 9
and 5 units at joint 8. These values were chosen because it could easily
be determined from the principle of comnsistent deformations that, if the
gtructure were a uniform bar subJected to an axial load at Joint 5 and the
ends were fixed, three—eighths of that load would be carried to joint O
and five—eighths to Joint 8.

If any Joint 1 18 dlsplaced along the directlion of the sequence, a
resistance Ry wlll be developed that will actagainst the constraints

at Joint 1, and if the transfer factor k 1s equal to 1, forces of
—Ri/e will be imposed on the constraints at joints 1 —1 and 1 + 1,

Figure 2 shows figure 1 with added rows in which these resistances and
carry-over forces are glven. Since the final force at each Joint 1s known,
the wvalues of R1 can be found by solving the simultaneous equations

expressing the relation of each final force to the original force, resist—
ance, and carry—over forces at the Joint where it acts. In figure 2 the
resistances are shown in the R—row and the carry—overs in the two CO-rows,
one for forces carried over from Jolnt 1 — 1 eand the other for forces
carrlied over from joint 1 + 1.

At Joint O, —0.5 Ry = 3, whence Ry = -6

At Jolnt 1, =0.5 Rp + R, = 0, whence Ry = —12

At Joint 2, ~0.5 Ry + BRp — 0.5 R3 = 0, whence R3 = —18
Similarly the other values of R; are found to be: R, = -2k, 35 = —30,
R6 = =20, and R7 = —10,

In practice, resistances and carry—overse can usually be found more
easily by a slightly different procedure. First enter the original and
final forces, and allot spaces on the dlagram for the carry—over forces
and reslstances. It should be obviocus that the only source of & final
forece at Jolnt O is the carry-over from Joint 1 and that that carry-over
force must be minus one~half the resistance developed at Joint—1l. There—
fore enter 3 am one carry-over force at Jolnt O and —6'as the resistance
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at Joint 1. Since the displacement of Joint 1 that produces & carry—over
Porce of 3 at Joint 0 also develops a carry—over force of 3 at Joint 2,
the latter force should be entered ln the other carry—over row at Joint 2.

The £inal force at Joint 1 is to be zero. Since the original force
at that Joint is zero and no force is carried over to Joint 1 fram Joint O
(since Joint O is assumed undisplaced), the carry—over from joint 2 to
Joint 1 must be equal and opposite to the resistance for Joint 1. There—
fore enter 6 as carry—overs at Jolnts 1 and 3 and ~12 as the resistance
for Joint 2. At this stage the carry—over force at Jolnt 2 due to dis—
placement of Joint 3 hes not been determined, but from the resistance and
the carry—over force that has been found it is clear that 1f the originsl
and £inal forces gt that Jolnt are to be zero the unknown carry—over must
be 9. Therefore 9 1s entered as the two carry—overs from Joint 3 and
—18 as the resistance for that Joint. Similar computations based on
conditions at Joints 3 and 4 Justify entering 12 as the carry—overs from
and P4 as the resistance for Joint 4 and 15 as the carry—overs from and
—30 as the resistance for Joint 5.

When computing the required carry—over forces from Joint 6 from con—
ditions at jJoint 5 the original force of 8 must be considered. The
desired carry—over is therefore 30 — 12 — 8 = 10 and the resistance Ffor
Joint 6 is —20. On continuing by the same system, the resistance for
Joint 7 is —10 and the associated carry—over forces are eech 5. This
cerry—over force is the only force developed at Joint 8 and thus becomes
the final force at that Joint. Since it agrees wlth the assumed finel
force, the overbaelance table 1is checked.

If deslred, almost the same system of computation could have been
used, except that work would have proceeded from both end Joints to the
intermedilate loaded Jolnt. Then the resistance for the originally
loaded Jolnt would be computed from two sources, and equellty of the
independently computed results would prove the correctness of the table.
In this example the overbalance table was constructed for a character—
istic loasd of 8 units. This was done primarily to avold the use of
fractions.

If the spaces between the Joints of & sequence are designated "panels"
or "bays," the overbalance diagram of figure 3 is that for a special case
of the general family of transfer patterms 1n which a chearacteristic load
of m+ n pounds Imposed at Joint n of & sequence of m + n bays is
transferred to the end Joints O &nd m + n. In this case n =5 and
m = 3. Separate overbalance tables or dlagrams could be constructed for
each likely combination of values for m &and =n. When the transfer
factor 1s unity, however, it 1s preferable to develop formulas for the
reslistances and construct, for the purpose of this report, & single
11lustrative example. Assume, for example, that a characteristic load CL
acting at Joint. n of a sequence of m + n baye 1ls to be transferred
to the stationsry end Joints O amd n + m. The most convenlent value
for CL will be m + n. The final force at Joint O will be m and
thet at Joint m + n will be n. For Joints between O and n the
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resistance will be Ry = —2im, wvhere 1 1s the number of-the Joint.
Botween Joints n and m + n +the resistances cen be obtained from the
relation Ry = —2(m + n — 1)n. The same result can be obtained more con—
veniently by interchanging m and n and counting 1 from Joint m + n.
The fact that the reslstances of flgure 3 could have been obiained from
these relatione can be esasily checked.

When the origlnsl load 1s imposed at the center Joint of a sequencs,
m = n. One-half the original load willl be carried to each end Jolnt, and
the required reslstances Ry will each be equal to -—i, where 1 1s the
mumber of bays from the Joint 1n question to the nearest end Joint. The
value of CL for this trensfer patitern would be 1.

The basic methods used in the preceding discussion for determining
reslgtances for transferring a single load to the fixed ends of a sequence
of Jointse are equally applicaeble to other types of force transfer when
the trensfer factor 1s unity. It is not necessary to dimcuss each type
of transfer pattern in detall, but appendlx A includes discusslons of
gample overbelance tablee and assoclated formmlas for the resistances for
a number of trenefer petterns. It is belleved that thls material is
glven in such form that the dlagram or table required for other values
of m and n can be constructed without difficulty.

Transfer Factor k Not Equal to Unlty

When the transfer factor k hae a value other than unlty the deter—
mination of required resistances becomesg somewhat more complex, though
its esgential nature remains unchanged. In general the first step is to
set up an overbalance diagram similar to figure 2. TFigure L is such =
dlagram for the transfer of a concentrated force from the center to the
end Joints of e span of eight bays, the end Joints belng assumed fixed.
The importent dlfferences between figures 2 and L are:

1., Instead of listing numericel values for both the origlnal and
the finel forces, only the final forces are given numericel wvalues. The
original force is indiceted by the abbreviation CL for characteristic
load. The fact that the final forces at the end Joints would be equal
follows the symmetry of the transfer pattern. The numerical value of
unity for each of those forces was chosen arbitrarily on the basis of
convenience.

»

2. The various carry-over forces are listed as minus k/2 times
the resistances R of the edjacent_ Jolnts, ingtead of as minus one~half
those reslstances. Obvicusly =5 when k = 1,

By ueing the diagrem of figure 4 as a guide, the resistances asso—
clated with the transfer pattern under conslderation can bg determined in
the same mamner es those shown in figure 3. If k = 0.9, = 2.22222,

At jJoint O the carry-over force from joint 1, —0.5kR,, must be equal
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to 1.00000, whence Rj = —2.22222, Then at Joint 1, since the orig-
inal force, final force, and carry=—over from joint O are all zero,
-0.5kRs + R = 0. On using the value Just computed for R, R2 must
be —£.22222 X 2.20222 = -4,93826, All the forces acting at jolnt 2
except Rg have now been determined, so the latter must be

Ry = 2.22222 (—2.93826 + 1.00000) = -8.75168

The resistances for all joints up to and including that at which the
original load 1s applied can be determined in the same manner. The work
is facilitated by arranging the computations as shown In teble 1, where
the method of compubation is indicated in the column headings. The firset
Pive columms of thig table apply to the computation of the desired resist—
ances. At joint L4, the value of C02 is that which would be applicable
if the original load were applied at a Joint farther along the sequence.
If, however, Joint 4 is at the center of the sequence and is the point of
application of the original force, from the symmetry of the loading the
actual velus of the carry—over force from joint 5 would be the same as that
from Joint 3, or 3.93826. The net force developed at Joint k would then
be —14.50990 + 2 X 3.93826 = -6.63338. In other words the dlsplacements
which would produce the resistances given in columm (3) would liquidate _
6.63338 pounds at Joint L4, of which 2.00000 pounds would be equally divided
between the end Joints, and the remainder would be transferred to Joints
outside the sequence. The characteristic load for this type of transfer
pattern for a sequence of eight bays and a tranefer factor Xk = 0.90 1s
therefore 6.63338. This value could also have been obtained by subtracting
the value 3.93826 of colum (4) from the value 10.57164 of columm (5).

If the sequence had been only six bays in length and the original
force had been applled at Joint 3, that force would necessarlly have been
4,30724 pounds, as cen be determined from a parallel computation. Similarly
obtained values for the original force or characteristic load for seguences
of two and four panels are also glven in columm (6).

It can eesily be seen that teble 1 can be extended to give the values
for the reslstances and characteristic loads for any desired even number
of bays, and the values obtained in this menner for several values of
transfer factor k are given in table B-1.*2 For eny specific number of
bays n, 1t would be possible to dilvide the pertinent values of resistances
from colum (3) by the characteristic load from the %-erow of colum (6).

2rgbles B-1 to B9 referred to in the present paper are designated
with an asterisk to indicate that they are contained in the complete
report, which is available for reference or loan at the NACA.
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The resistances obtalned in this manner would epply to the liguidation
of a unity load applied at the center Jolnt. If that were done, however,
it would bs necessary to mske a separate table of resistances for each
value of n/2. It 1s preferable to have a _single set of resistances and
modify the characteristic load in accordence with the length of the
gequence. '

When computling reoslstances for the same transfer pattern as that of
table 1, but with the transfer fector of unity, it -was possible to use
the conditions at the center Joint to check the computations, since the
original force at that Joint was already kmown. When the transfer factor
1s not unity those condltlone are nseded to compute the value of the
original force that corresponds to the resistances obtalned. It is to
be noted that this origlnal force ls considerebly largser than the sum of
the unlt flnal forces at the end Jolnts. Fram table 1 1t can be seen ' T
that this difference lncreases rapldly with an Increasz ln the sequence
length. Tt also increases with the difference between the transfer
factor and unity. This "leakage" of force from a sequence to adjoining
sequences le one of the chief reasons why the liquidation of residuals
may requlire mmmerous cycles for its accomplishments

It is to be noted that the title of table 1 is not a complete
description of the transfer patbtern to which 1t appliss. It mentions
only those originael and f£final forces which are parallel to the assumsd .-
displacements and which also act at Jolnts of the seguence under consid—
eration., When the transfer factor 1s not unity there wlll alsc be
final forces parallel to the sasumsed displacements at Jolnte that are
not in the sequence under consideretion, that is, leskage. With. any 4
value of transfer factor there may also be carry—over and final forces
normal to the asssumed dlsplacemsnts. Although such leskage and normal
forcses actually comstitute part of-the transfer pattern, it 1s conven—
lont to omilt mention of them in order to obtain a concise designation. . _
The practice of limiting the designation of a trensfer patterm to the
changsos in those forces on the Joints of the sequence under considers—
tion which act parallel to the assumsad dlsplacements 1s followed through—
out this report.

Esgentlally the sams method of altack as thal described in the pre—
ceding discussion can be ussd to obtain such overbalance factors as
rosistances and characteristic loads for other types of trensfer pabtern
likely to be of interest. The overbalance factors computed for transfer
factors other than unlty are given in tables B—1 to B—9.¥* Ths mathods
of computetion us=d are outlined 1n appesndix B. The types of transfor
pattern covered by the tablss include the following:

1. Transfer of single force from center to flxed end Joints .

2. Transfer of single force from any intermsdiate Jolnt to £ixed
end Jolnts . - v LT

3. Tranefer of single force to a single fixed end Jolot—
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4., Uniform distribution of & single losd applied at one end of a
sequence, the other end Joint assumed fixed

5. Transfer of uniformly distributed loading to end Joints wlth—
out net leakage or change in sequence length

6. Transfer of uniformly distributed loading to fixed end Joints

T. Uniform distribution of single force applied at any Joint with—
out net leakage

8. TUniform distribution of single load applied at one end of a
sequence, that end or somes Intermediate Joint assumed fixed

9. Muatual liquidation of equal but opposite uniformly varying
loadings

In appendix B rules are also given for handling some other types of .-
force transfer and the develompment of ‘these rules is outlimsd.

This material does not cover as great a range of possible transfer
patterns as are included in the rules for a transfer factor of unity but
includes those most 1likely to be of practicel importance. In most of
the patterns considered, one or two of the Jolnts is assumed to be fixed,
that 1s, to have no displacement. Whenever this assumption is made there
will be such leskmge that the algebraic sum of ths finel forces will not
equal that of the original forces. If, howsver, elther the original or
the final loading is uniformly distributed and all of the Joints are
assumed displaced, it 1s possible to proportion the displacements so
that the algebraic sum of the leakage forces will be zero. Ths patierns
in which this is sccomplished are those described as being without net
leskage. In the numsrical examples it is shown that these transfer
patterns are often of great wvalue in computing.

APPIICATION OF OVERBATANCE FACTORS TO THREE-BAY FLAT PANEL

The -practical details of the use of overbalence factors and the
degree to which they expedite residuasl—liquidetion computatlons can be
begt 1llustrated by numericel examples. In order to have thess examples
gserve the latter function, seoveral of them apply to structures for which
regidual—liquidation analyses have been published. Some of them, in
fact, are altermatlve computations for the structures analysed by Dr. Hoff
and his aggociates in references 1 and 2, The use of the structures analysed
in these reports has the additional advantage that it mskes the computation of
influence coefficients for the present report unmecessary, and considerable
use can be made of the operations tables contained tlierein.

The first example to be considered will be the structure investi-—
gated on pages 17 to 22 of reference 1. This wus a flat panel reinforced
by four stringsrs and four transverse ribs. The lower ond of each
stringer was subJjected to a downward load of 60.0 pounds end the panel
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was supported by an upward force of 120.0 pounds at each upper corner.

A schemetic drawing of one~half of the panel and ite loadlng is ghown in
flgure 5, which 1s & copy of figure 22 of reference 1. Because of sym—
metry only one-half of the panel nsed be investligeted, and forces acting
normal to the stringers may be neglected.

The first steps in enalyzing thls panel by overbalencing are the
same &g those employed by Hoff., TFirst, it -1s necessary to compute—
the influence coefficlents from the geometry of the structure and to use
those coefficlents to construct an operations teble like that on page 18
of reference 1. With only eight Joints and one directlion of displacement
per Joint to be consldered, it 1is convenient to record the operations
data in the tebuler form. An alternative 1ls to ume dlagrams like
figures 6 and 7. In figure 6 sach square represents & Joint. The
squere in the middle of the left—hand columm represents the Joint which
is assumed to be dilspleced 1 unit in ths positlve direction as is indi-
cated by the notation v = 1.00 entered in the square. Since unlt dile—
placement of an intermedlete Jolnt of stringer AEJN develops a resist—
ance of —101.6 pounds at that jJoint, the value —101.6 is also entered in
that square. The same displacement of an intermedlate Joint develops
carry—over forces of 46.8 pounds at each of the adJjacent Jolnte in the
same stringer, so 46.8 is entered in the squares above and below that
first mentionsd. The squares ln the right-hand column represent Jolnts
in the stringer to the right of that in whlch the displacement is assumed.
Since cerry—over forces of 2.0 pounds would be developed at the Jolnts
Just above and below and U4t.0 pounds at the Joint on the same level as the
ons displaced, those velues are entered in the appropriste squares. If,
however, the dlsplaced Joint is one et the end of the sequence, the
reslgtances and carry—-over forces are modified. Thus if the square in
the middle of the left—hand column should represent Jolnt A at the upper
end of the stringer, unit displacement would develop a resistance of only
—50.8 pounds, and the carry-over to the opposite Joint of the adjacent
stringer would be only 2.0 instead of k.0 pounds. There would be no
caxry—overs to Jolnts represented by the two upper squares, while those
to the lower Joints would be unchanged. The forces resulting from the
unlt dileplacemsent of an end Joint are listed on the dlagram in paren—
thesos. Although these values are entered 1n locations that imply the
Joint dlsplaced wae at the upper end of the sequence, there should be no
difficulty In using them In connection with an agsumed movement of a
lower end Joint.

For figure 6, k = 0.921. Hers k 1s the transfer factor and is
mmericelly equal to 2 X 46.8/101.6 or u6.8/50.8. Tt is the measure
of the amount of reasistance developed at the displaced Jolnt that is
carried over to other Joints of the sequence. In figure 6 a unit block
displacement of the stringer would devslop a resistance of ~8.0 pounds
at each intermediate Joint. In such a movement the resistance developed
at each snd Joint would be jJust one—half as great, or —4.0 pounis. Since
the resistance developed at an end Joint by a block displacemsnt 1s
alwuys ono—half thet developed et an intermediate Joint in a uniform
structure, 1t is not necessary to give the resistances developed at both
kinds of Jolnt.
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The values glven in figure 6 do not apply to stringer BFKO becausas
of the larger effective area of the member. The appropriate values are
shown In figure 7. In thils dlagram the Jolnts of the stringer in whlch
the displacement is assumed are represented by the right—hand column of
squares. That 1s convenient in comnection wlth the problem under study..
It may be noted that slmost all velues eppearing in figures 6 and 7 are -
taken from the operations table of page 17 of reference 1. The only
exceptions are the values of the transfer factors Xk, which were computed
from the other listed values.

After the operations teble or diagrams have been set up, the known
external forces should be entered in the liguidetlion table, as has been
done in row 1 of teble 2. From this table 1t is obvious that the net
unbalanced force on stringer ABJN is 60.0 pounds and that on BFKO is
—60.0 pounds. The panel as a whole may be considered to be "in general
balance," though neither of the individuel stringers is in that condition.
In a problem of this type it 1s deslrable as a general rule to get each
stringer into general balance as soon as posslble and to restore it to
that condltion as soon as posslble after 1t may be unbalanced by assumed
displacements. From the operatlons dlagrams it can be seen that since a
unit block displacemsnt of e stringer will develop a resistance of —-8.0
pounds at each intermsdiste Jolnt and the stringer length l1s three bays,
the total resistance developed would be —3 X 8 = —£24.0 pounds. A block
displacenent of 60/211- = 2,500 units will develop resistances that will
eliminate the umbalance of stringer AEJN and carry—over forcea that
would eliminate the general unbalance of ths othsr stringser. The magni—
tude of thls assumed displacement and the resulting resistances and carry—
over forces are listed in row 2 of the liquidation table and the resulting
residuals, in row 3, ; ' T _

Each stringer is now in generel balence, but eech individuasl Joint
ig subjected to a lerger resldual than 1s consldered desirable. Since
the arithmstic sum of the residuals in the left—hand stringer is the
largor, that member is attacked first. The resldusls may be treated as &
combination of a uniformly distributed load of —60 pounds, a single losd
of =60 pounds at Jjoint N, anfi a single load of 120 pounds at Joint A.
The first of these 1s already uniformly dilstributed, and the other two
may be uniformly distributed without net leakege with the aid of the over—
balance factors listed in table B—7.* For this purpose 1t 1is desirable to
"design a group displacement™ in the manner illustrated by teble 3. In the
first column each Joint of the sequence is entered as meny times as there
are Joint loads to be distribubted. In the second column are entered the
original joint loads, one in each section of the table, in the row for the
Joints at which they act. The characteristic loads of the third column
are taken from teble B-7.*¥ In this case, since both Joints at which
thore are original loads are at the ends of the sequence, the two character-
igtic loads are of the same size. The mumericel values are taken from
the section of table B—T7* which applies to the distribution of & single
force imposed et Joint O of a soquence of three bays. Obviously either
Joint A or Joint N may be considered as Joint O. The figures used are
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from the colum for k = 0.92, that value of- k being the closest to
the actual velue of 0.921 for which values are given. It—would be

possible, but hardly desirable, to interpolate, particularly when the
number of bays in the sequence is so small. It is betbter to use the
given values and go through another step of liquidation 1f necessary.

The adjustment ratios of columm (4) are found by dividing the original
forces of columm (2) by the corresponding characteristic loads of columm (3),
due account—being teken of signs. The characterlstic resistances of
column (5) are the reslstences listed in the same portlon of table B-T* as
that from which the characteristic loads were obtained. In the first part
of the table the Joints are assumed mummbered from A to N and in the second
part, from N to A, The adjustment ratio for each p&rt of the table 1s
miltiplied by the corresponding values of the characterisptic resistance to
find the specific resistance that should be developed at each Joint to
obtain uniform digtribution of the original force involved. The results
are shown in colums (6) to (9), a separate columm belng provided for each
Joints~ The total resistances to be developed at—the Joints are found by
adding the values in columms (6} to (9), and they are entered in the R—row.
The values of R/v in the next row are taken from the operations diagram,
and. then the numerlcal values for the required Joint dlsplacements can be
eaglly computed and entered 1n the v—row.

Once the group displacement has been designed in thls manner, return
to the liquidation table and enter In the displacement column the indlvidual
displacements Just found, one to & row. Then the values for resistances
and carry—over forces given 1n the operations diacrem or in the operations
table are miltiplied by the respective displacements to £ill out rows k to 7
of table 2. In this step some times may be saved by entering the total
registances to be developed at each jJoint; as computed in table 3, directly
in teble 2. There is no particular point in dividing each of these values
by the appropriate resistance per unit displacement, losing the sllide-rule
getting, and then multliplying the result by the previous divisor to get
a plightly different result. i
Adding the forces glven in rows 3 to 7 of table 2 gives the residuals
ghown in row 8. Those for Joints A, E, J, and N are negliglble; thig shows
that the group displacement deslgned in teble 3 is effective in liquldating
the forces on that group of Joints. Because of leakage, the reglduals on
stringer BFKO no longer present-the simple pattern of a uniformly die—
tributed load plus a single load at joint 0. ZEach JoInt load, however,
may be treated in the same manner as the slngle loasds at Joints A and N were
treated in table 3. Table 4 records the computations for the design of a
group displacement to liquidate these Jjoint loads. It was constructed in
the same mamner. as table 3, except that the characteristic loads and resist—~
ances for the distribution of original forces at joints F and K are taken
from the section of table B—7* pertalning to the distribution of a single
force applied at Joint 1, instead of Jolnt O, of a three—bay sequence. The
factors used are for X = 0.92, as in table 3, although the actual value
of k for stringer BFKO ig about 0.928.

-
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The displacements computed in table 4 and the associsted resistances
and carry—over forces are entered in rows 9 to 12 of teble 2, and the
correspondiing residusls sre shown in row 13. The liquidation of the
residuals on stringer BFKO after this third displacement 1s not as
complete as that of the forces on AREJN &after the second. This is prob—
ebly due primarily to the greater difference between the actual transfer
factor for the stringer and that assumed in designing the group dis—
placement. Even so these reslduels eare qulte small. The residuals on
AEJR after the third dlsplacement are of gpprecleble size, owing to
forces carrled over from BFKO in that displacement. If great preci—
sion of results were not required,, the analysis might be terminated at
this point, but In the example a fourth displacement was designed to
obtain more complete liquidation. The computations for the design of
the group displacement are recorded in table 5 and the results are used |
to obtain the values shown in rows 14 to 18 of the ligquidation teble.

At ths end of this fourth cycle the meximm residusl is only 0.7 pound
and might well be neglected. OFf course 1t would be possible to design
another group displacement to eliminate the residuals of row 18, but 1t
would probably be better to add up the displecemsntes of each Jolnt and
construct & check table like that of reference 1. If the check table
resulted in residuals of larger size than is consldered desliradle, they
could be liquideted by additional group displacements deslgned in the
same menner as those of tables 4 and 5.

In cerrylng out the computetlons outlined, there are several chances
to make independent checkes of the work. Im table 2 the algebralc sum of
the forces given 1ln each row should be zero. In the same table after
each group displacement designed to effect a force transfer without
leekage, the algebraic sum of the residuals for the Joints in each
sequence should be zero. Im the tables 1n which the group displacements
are designed, the algebraic sum of the forces in colummns (6) to (9)
essociated with each original force of column (2) should be equal to
zero, and the algebraic sum of the totel resistances of those colunms
should be zero. In the same tebles the values for the characteristic
resistences in column (5) should be symmetricel ebout the middle of the
column. These criterions can be used 1f desired to mske minor adjust—
ments In the computations.

The total Joint displacements of table 2 are not the same as those
reocorded by Hoff because the point of Implied zero displacement was
different. Table 6 gives the total displacements of table 2, the
corresponding displacements as found by Hoff, and those of table 2
minus the value for vg. Since Hoff assumed that vp = 0, it is the

last mentioned set of displacements which should be compared with

those of teble 2. It 1s obvious that the agreement is very good.

The largest discrepancies are at Joints N &and O where Hoff's
residuals were largest. Since a dlsplacement of 0.0k unit of Joint N
or O would develop a resistance of only sbout 53 X 0.0k = 2.06 pounds,
the differences between Hoff's values and those of thls report are

not important. It is believed that the dlsplacements of the '
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present report are the more accurate—alnce forces were computed to the
nearest one—tenth of a pound Instead of to the nearest pound, and the
finel residuals happen toc be smaller.

CONCLUDING REMARKS

In attacking a problem by the method of residusal liquidation, it 1s
necessary to keep in mind that the result of any dleplacement of elther
a gingle Joint or a group of Joints is to transfer residuals from one
set of locations to another and that the residuals after the displace—
ments must be statically equivelsnt to those preceding the displacements.
Therefore it is desirable to arrange the problem in such a mannsr that
the sumations of forces and moments are zero at the etart and to make
occaslonal checks to make sure that those relatlons still hold. BSome—
times, because of the lack of knowledge regarding the reactions, this
wlll not be posslble, but such a conditlon can easlly be taken care of
by substituting the proper tonstants for the zeros of the usual equations
and always teking the summation of moments about the sems axis.

In practical work errors due to the use of a limited number of sig-
nificant figures are elmost certain to be introduced into the computations.
There is also the possibilility of making mlstaekes producing relatively
large errors. As soon as the reslduals have been cut down to small msgni-—
tudes it ls normally desirable to add the dlsplacements that have been
assumed and ubBe the results as a single group displacement -in a new
liquidation or check table. The residuels of this check table are more
relisble than those of the original liquidetion table, and if they are of
such size that-additionalsliquidation 1s desirable, 1t 1s the former
that should be used in the computations. In general it is probadbly
desirable to construct such a check table Just before making the step
that 1s hoped to be the final step of liguidation. Then, if that step
results in negligible residuals after asmsll dlsplacements are added to
thoss of the first check, it would not be necessary to construct ancther
check table for the totel displacements. If, however, several steps of
liquidation are requlred after the construction of the first check table,
e second check teble based on the flnal displacements would bs In order.

None of the structures lnvestigated in comnection with this report
included a very large number of Joints. Therefors it was convenient to
enter sach Joint or stringer displacement and the assoclated resiptences,
carry—over and leskage forces in a separate row of the liguldation table.
With more extensive structures that would not be true. Then 1t would be
more convenlent 1f the forces developed in aach step were entered on a
separate "transfer record,” which would have columns for only those Jointe
at which such forces would appear. In meny cases that would be only a
fraction of the total. The algebraic sum of the forces developed at each
Joint—would then be entsred in a single row of the main liguidation tabls,
which would thus be greatly condensed.
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It would be desireble to make & more complete study of the effect
of using an epproximate rather than the preclise value of the transfer
factor k. Such study of this problem as was included in this investiga=
tion indiceated that the importance of using a precise value for k
increased rather rapidly with the number of Joints in the sequence. Also,
as the number of Jjoints Increases the individunal reslstances increase
rapidly in size. This effect 1ls at least partly neutralized, however, by
the fact that the characteristic loads simllarly increase with the number
of Jolnts per sequence. If both sets of figures were to increase at the
sams rate, the effects would tend to neutralize each other. A similar
problem 1s the effect of deviation of the transfer factor k from unity.
In general it is found that the greater the difference between k eand
unity the larger wlll be both the resistences and the characteristic
loads.

The chief factor which tends to prolong the process of liguidation
in practical problems is "leskage.' It sppears relatively simple to pub
each stringer In general balance or to transfer part of a load from one
part of a sequence to another, but mmuch of that load will be transferred
to adjacent stringers and resppear when those adjacent stringers are con-
gidered. It would be deslrable to investigate the possibllities of
obtaining overbalance factors for "two-dimensional sequences" or "matrices'
of Joints. BSuch an Investigation might prove to be a useful extension of
the investigation. . '

Although the use of overbalance factors does not eliminate all the
problems connected with the residual-liquidation method originated by
Southwell, the material in this report demonstrates that 1t is a useful
ad Junct to that method and facilitates the solution of certain types of
problem, particularly some of those associated with panel analysis.

Guggenheim Asronautic Laboratory
Stanford University
Stenford University, Calif., March 17, 1945
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APPENDIX A
OVERBALANCE FACTORS FOR A TRANSFER FACTOR OF UNITY

The rules for computing the overbalance factore agsoclated with a
trangsfer factor of unity are expressed by meens of sample overbalance
tables (tables 7 to 25) and formules. In each sample table the following
quantities are given for each Joint of the sequence (except that for some
symmetrical loadings only a part of- the sequehce 1s covered): original
force OF, resistance R, carry—over force from precedling Joint COl,
carry—over force from following Jolnt CO2, and final force FF. The
numbers of the Joints assumed not-to move are indicated by the letter F
in the Jjoint column, The type of transfer pattern 1s described 1in the
table caption and can easlly be verified by inspection of the Joint;

OF~, and FF=columns. Accompanying each sample table is & bracketed head
note for agslstance in constructing a table for the same type of transfer
pattern but & different number of Joints. In general, these head notes
glve the following informatlion. First are given the number of bays between
Joints in the whole sequence for which the sample table was constructed,
or the number of bays In each of 1ts major segments. This 1s followed by
the general rule for computing the characterlstic load for a trensfer of—
the type under consideration. The third ltem glives the shape of the
curve, termed the "dlsplacement curve," that would result from plotting
the displacements required tu-develop the glven resistances against Jolnt
positions. Finally general formulaes for the resistances are glven.

At the end Joint of a sequence the ratio of reslstance to displacemsnt
i1s only one—half that at an intermediate Jolnt. Therefore a curve of
Joint reslstances plotted against Jolnt locatlons would not have the same
shape as the corresponding diesplacement curve, except-for transfer patterns
for which the end Jolnts are not displaced. The shape of & curve of
reslgtances, can, however, be eagily determined from the corresponding
displacement curve by halving the end ordinates of the latter. Often it
is more convenlent to determine the desired resistences from the shape of
the ‘pertinent dlsplacement curve, with the end ordinates halved, than to
uge the formmlas. In any case knowledge of the proper shape of the dig—
placemsnt curve 18 of value for checking the resistances.

In many of the transfer patterns consldered, elther the original or
the final load 1s consldered to be uniformly distributed. In each of theae
cages 1t is to be assumed that the loads of the end portions are only one-
half the size they would otherwise be. In other words the loads are
uniformly distributed between bays or panels rather than between Joints.

Although only one sample overbalance table ig given for each transfer
pattern, it should be easy to construct simlliar tables for other sequence
lengths. In fact when the transfer factor is unity it ls a simple matter
to construct an overbalance teble for any desired transfer pattern, once
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the values of the original and final forces and the location of the fixed
joint are known. The method to be used is explained in connection with
the construction of teble 3. When only one Jolnt of a sequence is assumed
fixed and the transfer factor is unity, an overbalance table can be con—
gtructed for any transfer pattern in which the sum of the final forces

ig equal to the sum of the original forces. When, however, two Joints of
the sequence are assumed fixed, the sum of the moments of the final forces
gbout any Joint must also equal the sum of the moments of the original
forces ebout that Joint. In meking this computation, the forces should
be assumed to act at an angle other than zero to the dlrection of the
gequence,
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APPENDIX B

METHODS FOR COMPUTING OVERBALANCE FACTORS FOR
TRANSFER FACTOR NOT UNITY

In the text the method of computing resistances and cheracteristic
loasds when the transfer factor ls other than unity is described for one
case, that of the transfer of a single force from the center Jolnt of a
gequence ‘to flxed end Joints. The same basic method is used for other
types of tranefer pattern, but each has its special features that must
be taken into account. It 1s therefore desirable to ocutline the proce—
dures used for obtalning the other values given in tables B-l to B-9.*
A good understanding of these procedures will asslegt In the sound use of
the overbelancing procedure and In the computation of additional over—
belance factors 1f that should seem desirable.

Transfer of Single Force from Any Intermediate Joint
to Two Fixed End Jolnts

When a single force 1s to be tramsferred to two fixed end Jolnts
from a Joint that is not at the center of the sequence, the procedure for
computing resistences and the characteristlic loed differs in some detalls
from that for the gymmetrical case. One difficulty is that not only are
the ratios of the original force to the final forces at the end Joints
unknown, but the ratioc of one finsl force to the other i1s also unknown.
They are lnversely proportional to the dlstances from the location of the
original force to the end Joints only when the transfer factor 1s unity.
The procedure for handling the cage of a single force Imposed at Jolnt =n
of & sequence of m + n bays 1s as follows. Assume the final force at
Joint O +to be 1.00000. The desired resistances for Joimts O ton can
then be taken from teble B-1.* Thus if n =4, m = 3, and k = 0.90,

Ry = ~14.50990. If the final force at Joint 7 were also 1.00000 the
resistance for joint 4, 3 bays from Joint 7, would be only -8.75168.

Thege values can also be checked from table 1. Since there is but one
displacement of Joint 4, that joint can have only one resistance. Hence
both final forces cannot be 1.00000. Suppose, however, the final force

at Joint 7 were assumed to be @ = }%l%gggg = 1.65796, and the resistances
for Jointe 7, 6, 5, and 4 were computed as 1.65796 times the values given in
table 1 for Jolnts O, 1, 2,-and 3. Then these resistances comblned with
those already selected for Joints 0, 1, 2, 3, and % would define a group
displacement which would transfer an original force (as yet unknown

from joint 4 to the ends of the sequence. The magnitude of this original
force can be computed from the relation
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CL + Ry + COl, + ¢ COLy, = O (1)

which represents the conditions for equilibrium at Jolnt n. In this case,
by using numerical values from table 1 .

CL — 14,50990 + 3.93826 + 1.65796 X 2.22222 = 0
whence

CL = 6.86507

Values of ¢ and CL and also of COL/¢ for various combinations
of m and n and geveral values of k are given in table B—2.% They
were computed from the tables similar to table 1 from which the values of
table B—1* wers copied. If it were desired to check a value of CL from
the data in teble B—1* it could be done from the relatlion

CL + F, — 0.5k F, ) — 0.5k g Fpp q = 0 (2)

which 1s simply another form for equation (1).
Transfer of Force from Free to Fixed End of Sequence

At times 1t ls desireble to transfer a force from one end of a sequence
to the other end, only the latter being assumed fixed. If the flnal force
at the flxed end Joint 1s assumed to be unity, the assoclated characteristic
load and resilstances can be easlly obtained from table B—1l.* In developing
that table, 1t was assumed that the force CL was to be transformed into
two unit loads, esach at one end of the sequence. If the value of CL of
table B-1%* 1s halved and only one-helf of the sequence is consldered, the
reslstances of that teble will be applicable to the new transfer pattern,
provided that the resistance listed for the Joint at which the original
force 1s appllied 1s also halved. The procedure is analogous to treating
a cantilever as one-half of a symmetrically loaded, simply supported beam.
Thus 1f the fixed end of the sequence ls Joint O and the origlnal force
is applied at Joint 4, that part of figure 4 which pertains to Joints O,

1, 2, and 3 will be applicable. At jJoint 4, the value of €02 would be
zero slnce the sequence 1s assumed to stop at that Joint. At Joint 3 the
value of €02 would be —kR) instead of -kRL/2 since Joint 3 is the

only one of the sequence to which a force would be carried over from
Jjoint 4. This change in conditions at Joint 3 results in a value for Ry
only one-half as large as before, since the numerical value of (€02 for
Joint 3 would not be changed. Then at Joint ll-, since the numerical value
of Ry has been halved and that of CO2 has become zero, the numerical
value of the characteristic load that can be held in equilibrium will
also be halved.
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Transfer of Force from Intermediate Joint to Single Fixed End Joint

If only one Joint of a sequence lg fixed and a force is toc be trans—
ferred to that Joint from a Joint other than one at the end of the seguence,
the determination of required resistances becomes more complex. Between
the flxed Jolnt and that of originsl load application the resistances can
be found from table B-1* in the seme mannér as if the latter were at an
end of the sequence. The resigtance for the Joint of original load appli—
cation may also be taken dlrectly from the seame table. Division by 2 is
unnecessary since dlsplacement of that Joint produces carry-over forces
at two adjacent Joints of the sequence. If the tranagfer factor were unity
the reslstance at each Joint of the unloaded sector hetween the free end
end the Joint of load aspplicatlon would be the same as that et the latter
Joint, except that at the end Joint the figure so determined would be
halved. When, however, the transfer factor is not unity, allowance must
be made Lor the effect of leakage.

Figure 8 is an overbalance dlagram for the portion of-a sequence
between the free end and the Joint of load application for the type of
transfer under consideration. In thls dlagrem it ie assumed that-the load
is applied at-Joint 4 and 1s to be carried to & Joint to the right of those
shown. The actual value of R) can be determined by the number of bays
from that Jolnt to the fixed Joint., At each of the Jointe from O to 3 the
algebralc sum of CQl, CO2, and R must be zero, and there are four unknown
resgistances., Since there are four equatlions with four 'unknowns, the equa—
tions cen be solved simultaneously. The magnlitude of the resistance for
the Joint at-whlich the load is applied, however, depends on the number of -
bays from that Joint to the fixed Joint, and is independent of the number
of bays 1n the unloaded sequence. Thus even though the number of Jolnta
of the unloaded sector between the loaded Joint-and the free end remained
the seme, it would be necessary to compute & separste set of factors for
each nunber of bays between the loaded Joint and the fixed end. It is more
convenient to obtaln a single set of values for each possible length of-
unloaded sector and to modify them according to the length of the loaded
gector, This can be done as follows.

Assume the resistance for the free end Joint is —1.00000. Then the
reslstances for the other Joints can be computed serislly in the same manner
as those of table 1, as illustrated by table 26, which is developed for
k = 0.90. Comparison of column (4) of table 26 and columm (6) of table 1,
in which are listed characterigtic loads for the transfer of a centrally
applied force to fixed end Jointe, will show that for any given Jolnt number
the numericeal values are the same, though of opposite sign. An attempt to
prove that thls should always be true falled, but another Ilnvestlgation
might be successful. Although no such proof was developed, the relation
gerved &g & useful check and made unnecessary a separste tabulation of
values obtained from computations like those 1llustrated in table 26.

The reslstances of column {4) of teble 26 are relative and must be
multiplied by the ratio ¥ of the actual reslstance for the loaded Jjoint, as ’

determined by its distance from the fixed Joilnt, to the relatlve reslstance
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for that joint as computed in teble 26. The presence of the unloaded
sector also has an effect on the slze of the characteristic load, that is,
the load which would produce a flnal force of unity at the filxed Jolnt,

If the loaded Jolnt 1s n bays from the flxed Joint and m bays from
the free emd_ Jolnt, the carry-—over forces at that Joint will be —k/e
times Rp and Vk/2 +times CLy 3 from teble B—l.* The characteristic
load will therefore be the equllibraent of these carry-over forces and the
resistance Rp from table B-l.* Table B-3* glves characterlstic loads
CL, obtained in this menmer and also the corresponding values of CL/W.
Values of ¥ are not glven separately, since in practice resistances for
the unloaded sector can be obtalned most conveniently by multiplying the
values of CL of table B—1* by the actual losd W divided by CL/¥

from table B—3.%*

Uniform Distribution of Single Force Applied at an End Jolnt

In many problems 1t 1s convenient to assume that the original load 1s
& single force epplied &t one end of a sequence and the final forces are
uniformly distributed. In this report the term "uniformly distributed" is
used to slgnify that & load is wmiformly distributed between bays and the
portion assoclated with each bay divided equally between the Joints between
which 1t lies. Thus the Joint loads at the intermediate bays are of the
pame size, but those at the end bays are only one-half as large as those
at the intermediate Jolnte. In order to define completely the transfer
pattern, 1t ies necessary to select the Joint which 1s to be assumed fixed.
The most convenient choice for computation of overbalance factors is the
Joint at the opposite end of the sequence from the original single force.
The factors computed for the case when this Jolnt is fixed can then be
adjusted to allow for alternative choices for the fixed Joint. A typical
overbalance dlagrasm for the transfer pattern Just described 1s presented

in figure 9.

For a given value of k +the resistances for all except the end Joint
at which the original concentrated force 1s applied can be computed in the
game menner as those for the first case considered. The first part of the
computation teble for k = 0,90 1s shown 1n teble 27 with operation
notes to indicate the method of computation used. In this table, since
the final force for Jjoint O is 0.5 and COl and Ry Ffor that Joint are
both zero, 002, must also be 0.5, and Ry = ga@ = —1.11111. Rg = 0
gince Jjoint O is, by hypothesis, not displaced. The fact that COlg = O
Pollows from the fact that there is no Jolnt —1. Once these starting
values have been inserted, the remaining values for columms (3), (%),
and (5) cen be computed by following the opsrations notes in the
column headings. B

The computetions for columms (3) to (5) of table 27 are based on the
relationship

Ry — 0.5kRy_3 — 0.5kRy g =1 (3)



o4 NACA TN No. 1457

This represents the equillbrium conditions for ell Jolnts except O, 1,
n-l, and n, where Jolnt O is at the flxed end and Joint n at the movable
end of the sequence. The special conditions at Jolnt O were taken Into-
account in computing the starting values. Equation (3) with 1 =1 can
be used to compute Rp since Ry 37 1is then Rg, which equals zero.
When, however, 1 = n—-1, equatlion (3) should be repleced by

Bpq — 0.5kBpp — KRy =1 (%)
end when 1 =n 1t should be replaced by
CL + R, — 0.5kRy, 5 = 0.5 (5)

Comparison of equations (3) and (4) will show that the numerical value of
R, obtalned from equation (4) w11l be only one-half as great as that of

Ry,;3 from equation (3). TIn other words the resistance for ths end Joint

is only one~half as great as 1t would be if it were an intermediate Jolnt
of a longer sequence. Once the resistance for the end Joint has been
found, equation (5) can be used to find the characteristic load Por the
transfer pattern. Column (7) of teble 27 glves the characteristic loads
found in this manner for the various lengths of sequence. Registances
and characteristic loads found In this manner for various sequence lengths
and transfer Pactors are listed in table B-4.*

Although teble 27 was constructed for the distribution of a concen—
trated force, 1t can also be used for the transfer of an originel distrib-
uted loading to one end of & sequence, the other end belng assumed not
to move. All that is necessary is to changs the signs of the resistances.
This is allowable because, if the quantities in the OF— and FF-rows of
Piguare 9 were Interchanged, conditions at Joint O would require that
—0.5kR) should be —0.5 instead of 0.5. Then R; would be 1.11111
ingtead of —1.11111. Equation (3) would be modified by placing the
+l term on the left-~ instead of the right~hand side, and the positions
of CL and 0.5 in equation (5) would be interchanged. Thus the net
result of these changes would be to change the slgns of all values of R
wilithout affecting thelr magnitudes.

The difference between the characteristic losds of columm (7) of
table 27 and the corresponding Joint numbers of column (1) is a measure
of the leaskage of force from the sequence under conglderatlon_to other
Joints. Thus if the sequence has four bays, out of a total load of
6.89222 pounds aepplled at Joint 4, only %.00000 pounds would be uniformly
distributed between the Jointe of the sequence and 2.89222 pounds would be
transferred to other Jointe. If now all the Jjoints of the sequence were
moved through the same distance, an additionel locad would be uniformly
distributed between the Jolnts of the sequence, with equal and opposite
forces being developed at Jolnts of other sequences. If the net force to
be added to each intermedlate Jolnt is 1 pound and that at each end Joint,



NACA TN No. 1457 25

1/2 pound , the additlonal resistance to be developed at each intermedlate
Joint must be 1/(1-— k) pounds. In the case under consideration, there—
fore, the reslstance to be added to each intermediate Joint will be

_ 2.89222 1 =
AR = x T=5.50 5.90 T.23055 pounds

The reslstance increment for sach end Joint wlll be one-half that value.

In table 28 the second column shows the resistances Ffor distributing
6.89222 pounds applied at Joint 4 when Joint O i1s fixed. The third column
gives the increments associated with the '"block displacement' required o
eliminate the leakage, and columm (4}, the total resistances for distri—
bution of the load without net leakage. T

It is not correct to say that the use of the resistances of columm (1)
would result In the uniform distribution of the original load of
6.89222 pounds wlthout any leekage, There would be leakage of positive
forces assoclated with the dlgplacements corresponding to the resistances
of columm (2) and leakage of negative forces assoclated with the displace—
ments implied by the resistances of columm (3). In totel magnitude these
pogitive and negative forces would be equal, so they would balance each
other and there would be no net leskage. Some of the Jolints of adjacent
gequences, however, would be subJected to net poslitive and others to net
negatlve leakage forces. Xven so, 1t 1s often of advantage to use group
displacements whlch would distribute a force without net leakage. The
factors necessary for the purpose are also useful 1n computing the factors
for related trangfer patterms. These factors have been computed for various
comblnations of sequence length and transfer factor by the method used .
for constructing teble 28 and are glven in table B-T.*

It is often adviseble to "verify" a set of resistences to make sure
that they will produce the desired transfer patterm, before using them In
ractice. This has been done in colums (5) and (6) of table 28 to check
the resistances of columm (k). In general the final Fforce at any Jjoint
is equal to the algebralc sum of the original force, the reslgtance for
the Joint, and the carry-over forces at the Joint. The sum of the carry—
over forces 1s normally —k/2 times the sum of the resistances Ffor the
two adjacent Joints. If, howsver, one of the adjacent Joints 1s at the end
of the sequence, 1lts resistance should be multiplied by -k instead of
—k/2, or twlce its resistence should be multiplied by —k/2. In teble 28
each value in column (5) is —0.45 +times the sum of the adjacent values
of columm (4), except that the values for Joints O and 4 are doubled. Thus

—0.45(6.1194L + 0) = —2.75375
—0.45(2 X 3.61527 + 2.53920) = —L4.39638
-0.45(6.1194ly — 4.30577) = —0.81615
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~0.45(2.53920 - 2 X 7.96828) = 6,02881
—0.45(4.30577 + 0) = 1.93760

The values of column (6) are the algebraic sume of those in columms (4)
and (5) and represent the net forces that—would be imposed on the con—
streints by the displacements corresponding to the reslstances of columm
(+). At each of the intermediateJoints this force is about 1.72305,
almost exactly equal to the characteristic load of 6.89222 divided by four,
the number of bays. If more significant fligures had been used in the
computations, these intermedlate net Joint loads would all have been of .
the same magnitude to six figures, and that megnitude would have been the
characteristic load divided by the number of bays. The net load at joint
0 is one—half that at each intermediste Joint. That at jolnt 4—may be
congldered as the resultant of a negative 6.892222, equilibrated by the
posltlve origlnal force of thet megnitude and a positive load of

1. 12305 _ 0.86152 acting on the constraints. The vaiidity of the factors

of colum (4) for distributing a force of-6.89222 pounds at Joint 4 with—
out net leskage is thus proved by the values of colummn (6).

Since (1 — k) +timee each resistance developed represents leaskage,
if the net leakage is to be zero, the algebraic gum of the resistances of
colum (4) should be zero. In table 28 thisg sum is —0.0001%, and that-
7alve reflects the accumulation of small numerical errore. In this case,
however, 1t 1s too small to be of interest and no attempt was made to get
more precise results.

In order to use resistances like those of colurm (4) of—table 28, it
is necessary to know the magnitude of the original force at the end Joint
or that of-esach flnal force at an intermediate joint. Both of these
quantities are therefore given with the. assoclated overbalance factors in
table B—7.* The final Joint loade could be computed in each case by dividing
the characteristic load by the number of-bays, dbut it is convenient to have
both values given. ’ ’

Often 1t is desirable to transform a single force imposed at an end
Joint Into a uniforwmly distributed loading or, vice versa, with a
Joint assumed fixed which is not at the other end of the sequence. The
cases of most Interest are those where the fixed Joint is the end joint
at which the single force 1s applied and that—where the filxed Joint is
elther at the center of the sequence or 1/2 panel from the center. These
cases can also be used by changing the signs of the resistances to transfuer
a uniformly dlestributed load +to a Joint which remains fixed. The resistances
desired can easily be obtained by combining those from column (%) of table
25 (or 1ts equivalent) for the joint to be assumed Ffixed and each of the
realatances Ziven In that column. The method is 1llustrated by table 29
n which resistances are computed for the cases in which Joints 2 and 4
2re assumed fixed. Computations for verifying the work are included in
“he tabls. : - :

1]
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In this teble the valuee of colum (2) are taken fram table 28,
colum (4). The third column gives the resistances associlated with dis—
tribution of the load of 6.89222 pounds applied at joint 4 with Joint 2
assumed fixed. Since the original resistance for Joint 2 is 2.53920, that
value is subtracted from the factors of coluwrm (2) for the intermediate
Jolints 1 to 3 and one-half that value from the resistances for the end
joints O and 4. The results are shown in columm (3). Columms (k&) and (5)
are the verification of column (3). The validity of the resistances of
colum (3) is substantiated by the following properties of net loads in
colum (5). The net load at joint O, the unloaded end Joint, is one-half
that at each intermediate joint. The net load at Joint 4, the loaded end
Joint, is equal to minus the original characteristic load plus the net at
Joint O. The net at each Intermediaste joint is equal to the characteristic
load divided by the number of bays minus (1 -—k) times the quentity sub—
trected from the intermediate joint resistences of colum (2). The
necesslty of satisfylng these relations 1s a useful basis for checking the
work. It ie therefore convenlent to meke a record below the maln table of
the characteristic load CL computed by adding the net load for Jjoint O
to minus the net load for joint 4 and the Joint load increment AJL equal
to (k — 1) times the value of Ry for the jJoint assumed fixed. The
quantity AJL 1e the leskage per bay assoclated with the transfer under
consideration. ILeskage 1s considered positive when the sum of the final
forces is less than that of the original forces. o

The resistance for Joint L4 in colum (2) is -7.96828 and that value
is subtracted from the resistance for the end Joints O and L and twice
that amount from the resistances for the intermediate Joints 1 to 3. The
results listed in colum (6) are the resistances to be used if Joint bk is
assumed fixed. These values are verified in columms (7) and (8). The
values of CL and AJL shown in colum (8) are obtained in the same
menner as those for column (5), except that since it is an end joint that
is assumed fixed, AJL. is (k — 1) times twice the value of R, for
Joint 4. It may be noticed that this value of AJL is negative and the
intermediate Joint net loads exceed the characterlstic load divided by the
number of bays. In other words the leakage is negative and the sum of the
final forces exceeds the original force. This is reascnebls. If the _
single load 1s assumed to be the original load, the problem 1s to liquldate
it by moving the Joints O to 3 toward the fixed Joint 4. Although some of
the resistance to this movement will be transferred to Joint 4 of the
sequence, a large part will go to Jolnte of adjacent sequences instead.
Perhaps the situatlion can be seen more clearly if the dlstributed load is
considered the original load, to be transferred to Joint 4. Then it
should easily be seen that a large part will leak out to the parallel
sequences inetead of going directly to joint L.

Resistances like those of columms (3) and (6) of table 29 are given
in table B-8.% In that teble both the concentrated load at the end Joint
end the fraction of the distributed load acting at each Intermediate Joint
are given. The fraction of the dlstributed load acting at each end Joint
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is one-half that at an intermediate joint. Both of these loads need to

be tabulated since both are nseded to indicate the magnitude of the .
leakage effect. In using the table it is to be remembered that-a "half—

portion" of distributed load is assumed to—act at ths polnt of application

of the concentrated load. In the verification therefore the net load =at

that Joint will be minus the concentrated load plus the fraction of the
distributed load.

In table B-8*% the only intermediate Joints assumed fixed are those
at the center of the sequences of even numbers of bays and at the ends of
the center bays of sequences of odd mumbers of bays. If it is desired
to-assume some other intermediate bay fixed, compute the eppropriate
resistances and characteristic load from the data of table B—7* in the
manner outlinsd in the foregoing paragrephs. L ) . . —

Transfer of Uniformly Distributed Ioad to
Two End Joints

At times it-is desirable to transfer a uniformly distributed loed
to the end Joints of a sequence without relative displacement of those
end Jolnts. The resistances for such an operation would be the mame in
magnitude asg those for the uniform distribution of equal forces imposed
at the end Joints bub opposite in sign. The latter viewpoint is the more
convenient for computing the numerical values for the resistances.

Two cases are of speclal interest. In practice the end Joints will
normally be fixed, but for purposes of computation it is better to start
with the case in which the whole sequence ig so displaced that there will
be no net leskage. Assume that a force W Iimposed at Joint n is to be
uniformly distributed without net leskage. The necessary reslstences can
be determined by the methods outlined in the preceding section. Thus if
n=4 and k = 0.9 they can be taken directly from column (2) of
table 29. The sdditional resistances nseded to obtaln uniform distribu—
tion of a force W imposed at Joint O can also be obtained fram the same
column by reversing the order of enumsrstion of the Joints. Thus the
added resistance for any Joint i1 would be the value given for Jjoint n — i.
In other worde, the desired resistance for any Joint i would be the sum
of those given for Joints 1 and n — i. For the case used for illustra—
tion these values are given in column (2) of table 30. They are verified
in columns (3) and (&) of the same table. It -will be noted that the
value glven for the characteristic load 1s the same as in table 29; that
ig, the characteristic load for this case is taken as the single force to
be applied at each end of the sequence. The net load _at each intermediste
Joint 1s equal to the chearacteristic load divided by one-half the number -
of bays and therefore twilce the net load for an intermediate Joint in
column (6) of table 28. The characteristic load is also equal to one—
half the net load at each intermediate Joint minus (algebraically) the
nwt load at either end Joint. These relations are convenlent for chacking.
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It will be noticed that the resistances of colum (2) of table 30 are
symmetrical shout the midpoint of the sequence, and those for the end Joints
are equal., If all joints are dlsplaced the amount requlred to maske the
end—joint resistances zero, the change 1ln reslstance at each intermedlate
Joint will be minus twlice the original reslstances at the end Jolnts.
Resistances computed 1n thls memner are given in columm (5) of table 30
and verified in columms (6) and (7). Here again one—half an intermediate—
joint net force minus an end—Joint net is equal to the characteristic load
of 6.89221, Each intermediste—joint net force 1s equal to the sum of the
intermedliate—joint net of 1.0000 assumed in constructing table 28 and
3.31670 found in the verification of columm (6) of table 29. This was to
be expected and means that, if a uniformly distributed load of 4.31670
per bay is transferred to the end Joints without movement of those joints,
1.00000 per bay produces a force of 6.89221 at end Joint O, and the remaining
3.31670 per bay produces the force of 6.89221 at Joint 4. The reason for
this unequal division has been commented on in the Justification for
"negative leakage."

The actual leakage per bay in the force transfer under consideration
is 3.44610 — 4.31670 = —0.87060. It should also be equel to (1L — k) times
chenge in resistance at each intermediate Joint in golng from the transfer
pattern without net leekage to that with the end Joints fixed in position.
Tt satisfies thilse criterion, since (1 — 0.90) X 2 X 4.35301 = 0,87060.

Characteristic loads, intermediate—jolnt loads, and resistances for
the uniform distribution of equal forces applied at the end -Joints are
given in tables B-5¥% and B~6.* Those in teble B-5% are for the transfer L
without net leakage, all Joints belng assumed dlsplaced but with zero relative
displacement of the end Joints. Those in table B—6% are for the case when
there 1s no displacement of elther end Jolnt.

Uniform Distribution of Single Force Applled at an

Intermediate Jolnt

In the development of tables 27 to 30 it was assumed that the character—
istic load was applied at an end joint of the sequence, though the Joint,
1f any, that remained undisplaced mlight vary. It is also desirable to have
resistances for the uniform distributlion of a single force that is applied
at any Joint of a sequence. The investigations made so far 1ndicate that
the most useful of such resistances would be those associated with such
distribuation without net leskage, and they can be obtalned by superposition
of transfer patterns already consldered. .

Consider for example that n =4 and k = 0.90 and that it 1s desired
to find the factors for uniform distribution of a single force imposed at
Joint 2. The computations for this case are shown in teble 31l. In colum (2)
are listed the resistances for column (4) of table 28 for the uniform )
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distribution, without net leakage, of a load of 6.89222 pounds imposed at
Joint 4. This characteristic load and the resulting intermediate—joint
load are listed in the same columm for convenient reference. These Ffactors
apply to a transfer pattern that differs from that degired in that it
includes a force of 6.89222 at joint 4 which 1s not desired and lacks the
deslred concentrated original force at Joint 2. This can be corrscted by
the transfer of-the original force from Jolnt 4 to Joint 2 by means of

the factors.of table B-1¥ and the procedure already outlined for the
transfer of a force from+*the free to the fixed end of a sequence.

In this case the concentrated load is to be moved 2 bays from Joint 4
to Joint 2. The resistances of table 1 for a two-bay movement of tThie type
are sgppropriate to a characteristic load of 2. 93826/2 pounds, while the
force 1t is desired to move amounts to 6.89222 pounds. The resistances of
table 1 must therefore be multiplied by the ratio 7 = 6.98222 x 2/2 93826

= 4.69136. The resistances thus computed are given in column (3) o
table 31l. That at Joint 2 will be zero since that Joint will not have to
be displaced. At Joint—3, L. 69136 x 2.22222 = 10.42523 must be edded, and
at Joint 4, 4.69136 X 4, 93826/2 = 11.58538 must be added. The signs of
these resistances are posltive since the load to be moved 1ims not the actual
characteristic load at Joint & but its opposite. The eituation may be con—
gldered in thls manner. By the Jolnt movements represented by the resist—
ances of column (2) a set of uniformly distributed positive forces on the
congtreints and a slngle negatlve force at Jolnt 4 were developed. Since
the presence of an original positive force at Joint 4 was assumed, this
negetive force was equlilibrated by the original force instead of acting
againgt the constraints, Now, however, assume that the orliglnal positive
force at Joint L4 does not exist, so the negative force must act on the )
constrainte at Joint 4, and it ig thle negative force which 1s to be transe—
ferred to Joint 2. By applying the positive resistances of colum (3) at
Jointe 3 and 4 the negative force at Joint 4 is replaced by a somewhat
smaller nsgatlve force at Joint 2 which would be available to equilibvate
an original positive force at that Joint,. _

If the resistances of columms (2) and (3) were added, the resulting
values would be approprlate for the uniform disgtribution of a single force
applied at Jolnt 2, but there would be net leakage although no Joint would
be fixed. It is desirable therefore to assume en addltional block dis~
placement to counteract the leakage accompanylng the movement of- the
concentrated force. In order to do this, determine the algebraic sum of
the resistances of column (3) (in this case, 22.00881), reverse the sign,
end divide by the number of bays (in this case, 4) to get—the change in
regigtance for each intermediate Joilnt (in thls case, —5.50220). The
change for each end Joint is one-half that for an intermedlate Joint.
These changes are given in column (4) of table 31 and the algebralc sums
of the values of columms (2), (3), and (4) are the desired resilstances.
They are verified in columms (6) and (7) of the teble. From colum (7)
wlll be geen that the size of the characteristic load has been changed (in
this case, from 6.89222 to 4.69137 pounds). It will also be noted that the
net load at Joint 2, where the concentrated load was applied, is minus
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(n — 1) times the net load at the other intermediate Joints and that the

net load at each end Joint is one—half that at the other intermedlate Joints.
Numerical values of resistances wlth associated characteristic loads and
normal intermediate-~joint loads obtained 1n this manner are glven 1ln teble
B—T.%* ' : :

If it should be desired to compute resistances for the uniform distri-
bution of a single force ilmposed at an Intermediate Jolnt witk a single
selected Joint assumed fixed, that can be done in essentially the same
manner as that employed for computing the values in table B-8% for single
forces imposed at end Joints.

Liquidation of Symmetrical Uniformly Varylng Loading

Tn some types of problem it willl be found that the forces to be
liquidated are directly proportional to their distances from the center
of the sequence, except that those at the end Joints of the sequence are
only one-half as large as those which would satlisfy the criterion of
proportionality, and also the forces on one side of the center are of
opposite sign to those on the other. In this report such a loading 1s
termed & "symmetrical uniformly verying load."™ The algebraic sum of the
forces constituting such a loading is zero, and the forces on one slde of
the center are sufficient to liquidate those on the other side, though
there will be leakage if the transfer factor is other than unity. In
computing resistances for the liquidation of such a loeding, assuming
no movement of the center of the sequence, 1t is desirable to consider
two groups of cases, those in which there is an even number of bays and
the original load at the center joint 1s zero and those in whlch there 1s
an odd number of bays and the forces on the joints at the ends of the
central bay are equal and opposite. It is also convenlent to modify the
gystem of numbering the joints, by meking the number assigned to each
Joint equal to the number of bays to the Joint subjected to an equal and
opposite load and giving the Joint number the same sign as the force applied
at it. This mekes the mmber of a joint twice the number of bays to the
center of the sequence. It 1s further convenlent to assume the magnitude
of the load at each joint as equal to the number of the Joint, except that
the magnitude of each end-Joint force is only one-half the Joint muber.

A general overbalance diagram for an even number of bays ls shown in
figure 10 and that for an odd number of bays in figure 11. Because of the
symmetry of the loading it is evident that the value of RO in figure 10
must be zero and that every value of Ry will be equal to -R_y. From
both figures it can be seen that for any value of 1 except 0, 1, 2, 3,
or n the following relation holds, based on conditions at jolnt i — 2.

%RfL=Ri—2‘%Ri—4+i'2 . (6)
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whence
R, = 1%-(Ri_2 +1-2) =Ry (7)

Algo from conditionse at Joint—n — 2,

Ry =fBup+n-2) - Ry, (8)

Thus R, 1s Just one-half the value i1t would be if Joint n, instead of

belng an end Joint, were an Intermediate Jolnt of a longer sequence, From
conditions at Joint n,

Ry~ §Rop+B=0 ©®
But' R, = 0.5Ry for 1 =n, so, for 1 =n, - - - -
Riep —k Ry 5 +1=0 : (10)

It is not possible to sclve the equations indlcated by the Joint
conditiong of flgures 10 and 11 serially. The practical procedure is to
find each value of Ry 1n terms of Ry or Rp by successive use of

equation (7) and to use equation (10) to obtailn the values of R; or
Ro corresponding to each value of n. Then the values of each Ry for
each value of n can be computed.

When n 1ls even, RO = 0 by symmetry, and Rj can be ¢omputed in
terme of R, from conditions at joint 2.by means of—equation (7). When
n is odd, the equation representing conditions at Joint 1 is

R3=(l+%31+12€ (11)

and this must be used to start the computatlions for R4 where 1 18 odd.
The method used for computing the resistances in terms of 32 or Ry is

1llustrated by tables 32 and 33 for which it ie assumed that Xk = 0.90.
In these tables the quantlitles for each Jolnt-are placed 1n & separate

column instead of a separate row, but that 1s done solely because, with
the small nuwber of Joints considered in. each table, space was saved by

g0 doing.

Tables 34 and 35 indicate the method of computing the actual resist—
ances after the value of Rp or Rj has been determined from table 32

or 33. In table 34 it is assumed that =n = 8. In columms (2) and (3)
are glven the valuesg of Ry from table 32. In row 11l of table 32 1t
was found that for n =8, Ry would be -13.97000. The actual resist-—
ances for jJoints 2, 4, and 6 are therefore found by subtracting
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13.97000 times the velue in column (2) from the value in colummn (3). The
resulte are given in column (5). The same procedure was followed in the
8;~row of table 34k, but jJoint 8 ls an end Joint and 1ts resistance is

only one-half that found by the foregolng procedure. The correct valus
for that joint is therefore given in the 8y—row. The last two columns of

that table ere & verification of the factors of column (5). In this veri-
fication the resistence on the 83—row is ignored, that on the 8p—row
being ussd. In finding the value of 00 for row 6, however, since
Joint 8 is an end Joint, its resistance must be multiplied by -k instead
of —k/2, 8o the simplest practical procedure is to mmltiply the sum of
the values from rows 4 and 8y by —0.45 to get 30.25206. It is to be
noted that, except for insignificaent srrors in the computations, the net
effuct of the displacements producing the resistances of column (5) is
to develop forces of —1 pounds at each Jolnt except Jolnt n where the
force is —n/é pounds. Therefore 1f these displacements wers imposed

on a sequence subJjected to the type of loading unider consideration, that
loading would be liquidated, except for the leakage. In such a group
displacemsnt the Jolnts subJected to negative forces would be moved
symmotrically to those with positlive original forces. As a result the
forces carried over to Joint O from Joints 2 and —2 would nwutralize sach
other.

If there were only two bays and three Jolnte in the sequence, n
would bs zqual to 2. The loads at thes end jolnts would be only 1 and —1,
however, since the end Jolnts are assumsd to have loads equal to but one—
half the Joint number. From teble 32 the paradoxical siltuation 1s seen
that the value of Ro 1s given as -2 though it 1s obvious that a dis—
placemsnt sufficient to develop & resistence of =1 should be sufficlent
to liquidate a force of only 1 at that Joint. The values of Ro glven
in table 32, however, are for use in computing values of R; wiere 1
is less than n. When n = 2, this value of Ro must be halved, and thus
ths corrsct velue of Rp to be used for actual liquidation 1s —1.00000.

Reslstances for the liquidation of the type of loading considered in
this ssction are glven in table B—9.* The characteristic loads shown in
this table are the arithmetic sums of the originsl forces of the same sign
in the loadings consldered.

Correction of Reslstance Tablesg

Most of the other resistances given in tebles B—1* to B-9%* are _
obtained by manipulation of the resistances of tebles B—l* and B—4.* Any
errors in computling the resistences for these two tables therefore have
widespread results. Bscause of the method of computation used for these
basic tables, as the value of 1 or n 1ncreases the associated yaluss
of resistance ere more and more likely to be erronsous. Thus in
table B-4*, for k = 0.90 and 1 = 30 the resistance Ry has ssven
figures before the decimel point and the characteristic load CL has six. |
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In order to obtaln thess quantities accurately to five figures after the
decimal point by the method outlined, it—would be necessary to use 12
slgnificant figures throughout the computations. That would have been
entirsely impracticable.

The actual procedure followed was to obtaln approximate values by
the method already outlined and to correct thsse trisl velues by an
additional computation. By this device the computation of the desired
factors for large values of 1 and n and relatively small values of
k¥ +to the deslred precision was made practicable. Ths method used for
correcting the trlal velues is described as follows.

Table 36 is & record of computations Por correcting the trial values
of Ry for k = 0.88 in table B—4.* The original or trial values of Ry
in column (2) were computed in the mammer illustrated by table 27. The
first step is to verify these resistances. Ths veluses of 2C0 in
column (3) were computed in the ususl manner. In column (4), instead of
the slgebraic sum of the values of columns (2) and (3), the difference
between that net sum and the flnal force required by the transfer pattern
under investigation is recorded. In thls cese the transfer pattern
requires the valuse of 0.50000 at Joint O and 1.00000 at each of the other
Joints so the value for column (4§ is readily determined. Thus columm (k)
showe that 1f the resistances of column (2) were used the final forces
would not be uniformly distributed, but there would be an excess of
0.00001 at Joint 2, 0.00001 at Joint-3, 0.00003 at Joint Y4, and so forth.

The resistances required to eliminate these errors can be computed
by considering them as a new set of origlinal forces that 1s to be trane—
ferred to the free end of the sequence. At Joint 2 the error 1is 1; there—
fore the value of ACOL must be —l at thils Jolnt and that of ACO2 at
Joint 4 muet also be —1. Since, for this table, k = 0.88, the value of
ARy for Joint 3 must be l/O.hh = 2., At Joint 3, the value of AC0O2 1is
zero s8ince the error at Joint 1 and therefore the value of ACOlL for
that Joint are both zero. Ths error for Joint 3 is 1. Then the valus of
ACOL for Joint 3 will be —(1 + 2) = —3 eand the value of AR; for
Joint 4 will be 3/0.M4 = 7. The other values in columns (5), (6), and (7)
wore obtainsd in the same manner with the algebraic sum of the valuss in
any row for columns (h) to (7) equal to zero. The corrected values of
Ry 1in column (8) were obtained by adding the values in columns (2) and
(7) eftor miltiplying the values in column (7) by 102. These values of
column (8) are verified in columns (9) and (10). Again the errors are
shown In the second of the verificatlon columns instead of the actual net
forces. In this case the maximum error given in column (10) is only
0.00001, which is negligibls.

Table 36 includes only the first 11 rows of a complete correction
table and soms of ths values for Jolnt 10 are based on values for Joint 11
that are not shown. 8Since the maximum error given in colunn (10) is
negligible, no further correction 1s needed. In some of the tables,
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particularly where wvalues were computed for large velues of 1, the
errors of column (10) were too large. This situatlion was taken care of
by repeating the process untll the errors were negligible. After the
values of ths resistances had been corrected in this mammer, correctsd
values of the characterlstic loads were computed by ths applicetion of
equation (5).

Thes method described was ussd to check all the values given in
table B—4#.* The same method could have been used to check those of
teble B—1*, but it had not been developed until after the values in
table B—1* had been checked by the constructlion of tables similar to
table 26. Some of the values of table B—1¥*, however, were later checked
by this system.
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Table 1

[k = 0.90:]

LOAD AT CENTER JOINT TO FIXED END JOINTS

COMPUTATTON OF OVERBALANCE FACTORS FOR TRANSFER OF CONCENTRATED

(1) (2) (3) (%) (5) (6)
Joint FL R co1 co2 - CL
Assumed ""2(5)-1_.1/0-9 (5)1_2 (2)5_—(3)1+(1")1 (5)1‘(”)1
0 1.00000 0 0 1..00000 0
1 0 —2.2p000 ) 2, 00002 2.00000
) 0 —4.93826 1.00000 3.93826 2.93826
3 0 -8.75168 2,p0002 6.52946 k.3072%
L 0 ~1h.50990 3.93826 10.57164 6.63338

LS%T "ON NI VOVN
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LIQUIDATTON TABLE FOR ANALYSTS OF FLAT PANEL

Table 2

Row Displacemants T, g Ty Ty 4 Y Y Y,
1 Original foroes 120.0 -60.0 -60.0
2 Vo= Vg = Ty = V= 2.500 -10.0 | -20.0 —20.0 | —10.0 10.0 20.0 20.0 20,0
110.0 | -20.0 ~20.0 | -70.0 10.0 20.0 20.0 | ~50.0
3 ¥, = 2.T60 —ako.h | 129.2 5.5 5.5
5 vg = 0.651 30.4 | —66.1 30.4 1.3 2.6 1.3
6 vy = -0.921 43.1 93.5 | -43.1 -1.8 -3.6 -1.8
7 vy = —2.202 -104.0 | 113.0 ~4.5 4.5
8 0 0 -0.1 -0.1 16.8 26.3 13.2 | -56.3
9 vp = 0.7ho 1.5 1.5 40,9 37.9
10 vp = 0.473 0.9 1.9 1.0 2.2 | -52.2 2.2
1 ¥y = =0.228 -0.4 ~0.9 0.5 1.7 25.2 | <7
12 vy = —1.230 -2.5 ~2.5 -63.0 67.9
13 2.4 3.0 -2.5 -3.1 0.1 0.3 -0.4 -0.1
14 ¥, = 0.096 =4.9 4.5 0.2 0.2
15 g = 0.052 2.5 5.3 2.5 0.1 0.2 0.1
16 vy = ~0.048 2.2 5.0 | 2.3 0.1 ~0.2 -0.1
17 vy = ~0.10k .9 5-3 -0.2 -0.2
18 o 0 0.1 -0.1 0.k 0.6 0.7 0.k

4LGFT "ON NI, VOVN




Table 3

DESIGN OF GROUP DISFLACEMERT FCOR STEP 2

(1) (2) (3) (%) (5) (6) () (8) (9)
Joint OF CL AR CR A i J N
A 120.0 | 3.888 30.86 | ~3.625 | -111.9
E -.837 ~25.8
J 2,613 80.6
i} 1.850 57.1
A 1.850 -28.5
E 2,613 ~40.3
J -.837 12.9
N ~60.0 | 3.888 | ~15.43 | —3.625 259
R —140.4 ~66,1 93.5 113.0
R/fv -50.8 -101.6 -101.6 -50.8
v 2.760 651 -.921 -2.222
T HACA

-
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DESTGN OF GROUP DISPLACYMENT FOR STHEP 3

Table 4

—
f—

Joint

~~
ro
S

=

L]
(4]
St

2]

]
-
g

&2

-

-
@]
~—

oy

—
0
~—

oEKE oW

oK

O KN

)
o
jo =]

13.2

—56.3

3-888

3.5T7

3.5T1

3.888

B

7.35

3.70

—1h.hg

-3.625
-.837
2,613
1.850

-.385
-2.133

1 217
Ledrij

1.202

1.202
1.317
-2.133
—-385

1.850
2.613

-15.7

bk

—26.8

=15.7

4.9

_3708

11.3

8.0

8.8

52.5

40.9
—55.2

. ThO

-52.2

—-110.%

473

5.2
-110.%

.298

67.9
-55.2
-1.230
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Table 5

DESIGN OF GROUP DISFLACEMENT FOR STEP 4

(1)
Joint

(2)

(3)

(&)
R

(5)
(R

(6)
A

(7)
E

(8)

(9)

=y HE e

SRk HqEE =HYHE

2.4

3.0

3.89

3.58

3.58

3.89

0.618

.838

~. 700

—.T98

—3.625
-.837
2.613
1.850
~.385

-2,133

1.317

1.202
71.317
-2.133

-.365

1.850

n A12

Lo Rl )

- 837
—3.625

2.2

=147

-0.52

~-1.79

-.92

1.61

1.10

1.49

1.1k

1.01
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Ry

.87
—50-8

—5.31
-101.6

052
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Table 6

NACA TN No. 1457

COMPARTSON QF COMPUTED DISFLACEMENTS

Joint | Teble 2 Hoff |Modified | Difference
A 5.356 k.ol 4.883 -0.027
B .T40 .27 . 267 —.003
E 3.203 2.75 2.730 —.020
F 473 0 0 0
J 1.53%1 | 1.06 1.058 —.002
K —.228 —-.72 —. 701 .019
N 17k —-33 -.299 -031
0 ~1.230 |[-1.7% | —2.703 .037

NACA
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OVERBALANCE TABLE FOR TRANSFER OF CONCENTRATED
FORCE TO FIXED END JOINTS WITH ORIGINAL

Table 7

FORCE AT CENTER JOINT

{n = 6; CL 1; dieplacement curve

has two atraight segments; Ry = -1

for 1 £nj values for n<i<2n

not listed since they are symmet-
rical to those showr]

Joint | OF R | cor | co2 | FF
0 - o | o 0.5 | 0.5
1 -~ -1 { O 1.0 | ---
2 - |2 | 0.5 | 1.5 ——
3 -- -3 | 1.0 | 2.0 | ---
4 — | % | 155 | 2.5 | ---
5 -~ | -5 | 2.0 | 3.0 | ---
6 - -6 2.5 2.5 —

43



44 NACA TN No. 1457 .

Table 8

OVERBALANCE TABLE ¥OR TRANSFER OF CORCENTRATED
FORCE TO FIXED END JOINTS WITH ORIGINAL
FORCE AT CENTER JOINT
[n=5; m=3; CL =m + n; displacement

curve has two straight segmentsj; Ry = -2im
for 0<i<nj; Ry = 2(m+n - 1in for

n<i<n + nj

Joint | OF R cor | co2 | FF -

OF | -- 0 0 3 3

1 - -6 o 6 -
2 - -12 3 9 -
3 - -18 6 12 -
L -~ | -2k 9 15 -
5 8 -30 12 10 -
6 - -20 15 . 5 -
7 - -10 | 10 0 -
8F | -- 0 5 0 5




-
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Table G

OVERBATANCE TABLE FOR UNIFORM DISTRIBUTTION OF CONCENTRATED

FORCE AT CENTER JOINT WITH END JOINTS FIXED

[n =5; CL = 2n; displacement
curve has two parabolic segments
with apexeg at Joints O and 2nj

Ri = -12 where 0<i<n]

Joint OF R coi co2 FF
OF - 0 0 0.5 0.5
1 -- -1 0 2.0 1.0
2 - -4 0.5 4.5 1.0
3 - -9 2.0 8.0 1.0
Lo - -16 4.5 12.5 1.0
5 10 -25 8.0 8.0 1.0
6 - -16 |12.5 L.5 1.0
e -- -9 8.0 2.0 1.0
8 -- -4 L.5 5 1.0
9 - -1 | 2.0 o) 1.0

10 F - o) .5 o) 5
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Table 10

OVERBALANCE TABLE FOR TRANSFER OF UNIFORMLY

DISTRIBUTED LOAD TO TWO FIXED END JOINTS

[n = 8; CL = n; displace-
ment curve 1s parabolilc
with apex at joint n/2;

Ry = -1 (o - 1)]

Joint | OF R cor | co2 | FF
OF 0.5 0 0 3.5 4.0
1 1.0 =7 0 6.0 -
2 1.0 12 [ 3.5 | 7.5 ——
3 1.0 -15 A.0 8.0 _—
L 1.0 -16 7.5 7.5 ———
> 1.0 -15 8.0 6.0 ———
6 1.0 | =12 | 7.5 | 3.5 [ ---
7 1.0 -7 6.0 0 ——
8 r 5 o |35 |o 4.0

1457

S
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OVERBATANCE TABLE FOR TRANSFER OF TWO EQUAL SYMMETRICALLY

Teble 11

LOCATED FORCES TC TWO FIXED END JOINTS

[m=3

(d1stance between forces);

n =14 (distance from force to
neareast end); CL = 1 (each orig-
inal force); displacement curve
composed of three straight seg-
ments; Ry = -21 when 0<1<nj

Ry = -2n  when n<i<m+rﬂ

Jeint oF R colr |.co2 | FF
OF - 0 0 1 1
1 ——- -2 o 2 -
2 -—- -4 1 3 --
3 --- -6 2 L --
4 1.0 -8 3 4 _—
5 —-- -8 L L -
6 - -8 L L z-
T 1.0 -8 k4 3 -
8 —— -6 4 2 -
9 --- -k 3 1 -

10 —— =2 2 0 -
ll‘F --- 0 1 0 1

47
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Table 12

OVERBALANCE TABLE FOR UNIFORM DISTRIBUTION OF TWO EQUAL

SYMMETRICATIY IOCATED FORCES WITH
BOTH END JOINTS FIXED

[m = 5 (distance between forces); n = 4 (dAdstance
from force to nearest end); CL=n + m/2 (each

original force); displacement curve has three para-
bolic segments wilth apexes at end Jointe and half-

way betwuwen; Ry = -12 when 0< i< n;
Ry = -n° +I-f- - 2 22 =21 }°; when m T8 even

Fnim/e (&t mlddle joint) = -n2 + mg/qJ

Joint oF | R colr | co2 | FF
OF | -=- 0 o | 0.5 | 0.5
1 - -1 0 2,0 1.0
2 - - 0.5 4.5 1.0
3 - -9 2.0 8.0 1.0
Lo €.5 -16 k.5 6.0 1.0
5 - =12 8.0 5.0 1.0
6 -—- -10 6.0 5.0 1.0
7 - =10 5.0 6.0 1.0
8 ——- -12 5.0 8.0 1.0

89 6.5 -16 6.0 k.5 1.0

8alues for Joints 10 to 13 not shown on

account of gymmetry. _ o
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Table 13

OVERBATANCE TABLE FOR TRANSFER OF TWO EQUAL BUT

OPPOSITE FORCES TO TWO FIXED END JOINTS

[s = 9 (total length of sequence); m = L
(distance between forces); n = 3 (dis-
tance from Joint O to nearest force);

CL = + s; displacement curve has three

straight segments;

R, = -2im vwhen 0<i<n;

equal and opposite loads need not be equi-
distant from the middle of the sequence

of Joints]

Joint OF R Col co2 FF
OF | == 0 0 4 4
1 - -8 0 8 .
2 -- -16 h 12 -
3 9 -2k 8 7 --
L - -1k 12 2 --
5 -- -k T -3 -
6 -- 6 2 -8 -
T -9 16 -3 -h --
8 -- 8 -8 0 -
9F -- 0 -k 0 -4

49
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Table 1k

NACA TN No. 1457

OVERBALANCE TABIE FOR TRANSFER OF EQUAL AND OFPPOSITE UNIFORMLY

VARYING LOADS TO TWO FIXED END JOINTS

() n, even.

fn = 12; CL = 360; each value of OF = np where n

is total number of panels and p 1s number of panels
to equal but opposite OF; FF for Jolnts O and n
from table 15j dlsplacement curve 1s cublc pa.ra'bola]

Joint | OF R coL | co2 | FF
OF 0 o) 0] 220 | 220
1 120 | -hho o | 320 | —---
2 96 | -640 220 324 | em-a
3 72 | -648 | -320 256 | ===-
b L8 | -512 324 140 | -=-m
5 oy | 280 | 256 0 | —=--
6 0 0 | 140 | -140 | -=w-
7 -24 280 0 | 256 | --=-
8 -48 512 | -140 | =324 | --=-
9 =72 648 | -256 | =320 | ===

10 -96 640 | -324 | -220 | ----
11 -120 | Lko | -320 0 | ==-
12 F 0 0 | -220 0 | -220
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Table 14 - Concluded

OVERBATANCE TABLE FOR TRANSFER OF EQUAT. AND OPPOSITE UNIFORMLY

VARYING LOADS TO TWO FIXED END JOINTS - Concluded

(b) n, ocdd.

[n = 11: CL = 275; each value of
OF = np computed in same manner
ap for even values of n; FF
for joints O and n from table 15]

Joint OF R col coz | FF
(a) (p)
OF 0 0 0 165 165 .
99 -330 Y 231 ---

2 77 -ké&2 165 220 -
3 55 -4ho 231 15k ---
L 33 -308 220 55 -
5 11 | -110 15k -55 -—
6 -11 110 55 154 | ---
7 -33 308 -55 | -220 -—
8 -55 440 -154 -231 —-
9 -T7 462 | -220 -165 -
10 -99 330 | -231 o ---
11 F 0 0 -165 o) 165

BFormulas for resistances are too complex for

b1y

practical use.
is better to ume the final forces from
table 15 and follow the procedure used 1n

connection with figure 3.

o1
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Table 15 -

CHARACTERISTIC LOADS AND FINAL FORCES FOR OVERBATANCE TABLES
FOR TRANSFER OF FQUAL AND OFPOSITE UNIFORMLY VARYING LOADS

TO TWO FIXED END JOINTS

n CL ¥F n CL FF n CL r

o,n o,n 0,n
3 3 1 16 &6 560 |29 | 5,684 3,654
4 8 L 17 | 1088 680 |30 | 6,300 k4,060
5 20 10 18 | 1296 816 |31 | 6,975 k495
6 36 20 19 | 1539 969 | 32 | 7,68 4,960
T 63 35 20 | 1800 1040 | 33 | 8,448 5,456
8 96 56 21 | 2100 1330 | 3% | 9,248 5,98k
9 | 1ik 8l 22 | 2420 1540 | 35 (10,115 6,545

10 | 200 120 23 | 2783 1771 | 36 |11,016 7,140
11 | 275 165 2k } 3168 | 202k |37 |11,988] 7,770
12 | 360 220 25 | 3600 2300 | 38 j12,996 8,436
13 | 468 286 26 | 4056 2600 | 39 |1%,079 9,139
1k | 588 364 27 | 4563 2925 | 40 |15,200 9,880
15 | 735 455 28 | 5096 3276 | 41 {16,400 | 10,583
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OVERBATANCE TABLE FOR TRANSFER OF SINGLE FORCE

Table 16

FROM MOVABLE TO FIXED END

OF A SEQUENCE OF JOINTS

[n = 65 CL = 1; displagement

curve ig straight line;

Ry = -21, except R, = -n]
Joint OF R coli coz2 | FF
oOF - 0 o 1 1l
1 -- -2 0 2 --
2 - -l 1 3 -
3 - -6 2 4 -
L -- -8 3 5 --
5 - -10 b 6 -
6 1 -6 5 0 -

o3
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Table 17

OVERBATLANCE TABLE FOR TRANSFER OF SINGLE FORCE FROM
INTERMEDIATE JOINT TO ¥FIXED END OF
A SEQUENCE OF JOINTS

[n = 5; CL = 1; displacement curve 1s sloping
line between original and final load posi-
tions and horizontal line between free end
and original load position; Ry = -21 when
1 £ n; Ry = -2n when 1 2 n, except

Ry = -n at free end.]

kY

Joint OF R Col co2 ¥F
OF -- 0 0 1 1l
1 - -2 0 2 -
2 - -4 3 --
3 - -6 2 4 --
ol - | 8| 3| 5| -
5 1| -10 4 5 --
6 -- -10 5 5 -
7 -- -10 5 5 --
8 -- -10 5 5 --
9 -- -10 5 5 --

10 - -10 5 5 -
11 - 5 5 0 -

é
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Table 18

OVERBATANCE TABLE FOR TRANSFER OF SINGLE FORCE
FROM INTERMEDIATE JOINT TO MOVABIE END OF
SEQUENCE WITH ONE FIXED END JOINT

[Resistances are the same as in table 16
except for change of sign]

Joint | OF R | col | co2 | F¥FF
-3 F — - - -— -
-2 _— - - - _—
-1 —— _— - - -

0 1 - - -1 -
1 - 2 -- -2 --
2 -- L -1 -3 --
3 -- 6 -2 -h ——
S - 8 -3 -5 ——
5 - 10 -4 -6 --
6 - 6 -5 0 1

85
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Table 19

" NACA TN No. 1457

OVERBAIANCE TABLE FOR UNIFORM DISTRIBUI'ION OVER

ENTIRE SEQUENCE WI'TH ONE FIXED END JOINT

OF SINGLE IOAD AT MOVABIE END JOINT

En = 93 CL = 9; displacement curve
is parabolic wlth apex at fixed
Joint; Ry = -12, except R, = n2/2

at-movable end)

Joint | OF R colL | co2 | FF
OF | -- o) 0 0.5 0.5
1 - -1 0 2.0 1.0
2 - -4 0.5 k.51 1.0
3 - -9 2.0 8.0 1.0
L -~ | -16 k5 | 12.5 | 1.0
5 -= | =25 8.0 | 18.0} 1.0
6 -- | =36 12.5 | 2k.5 | 1.0
7 - -49 18.0 | 32.0 | 1.0
8 -- | -6k o4.5 | %0.5 | 1.0
9 g | -40.5 | 32.0 o] 5
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Table 20

OVERBATANCE TABIE FOR UNIFORM DISTRIBUTION OVER ENTIRE
SEQUENCE WITH ONE FIXED END JOINT OF SINGLE

LOAD AT INTERMEDIATE JOINT

[n=6; m=3; CL = m + n; displacement curve has two
parabolic segments with apexes at ends of sequence
and common ordinate at position of original force;
Rj_=-:l2 when 1<nj Ry = -n® + m® - m+n-i)é
when 1>n, except Ry = - %-(n2 -m?) at 1 =m+ 1}

Joint | OF R col | co2 | FF
OF | -- 0 0 0.5 | 0.5
1 - | o 2.0 | 1.0
2 _— | -k 0.5| 4.5 1.0
3 -~ 1 -9 2.0| 8.0 1.0
" -- |16 4.5 | 12.5 | 1.0
5 - |-25 8.0 | 18.0 | 1.0
6 9 |-36 12.5 | 15.5 | 1.0
7 - |-31 18.0 | 1L.0 | 1.0
8 -- | -28 15.5 | 13.5 | 1.0
9 -- |-13.5| 1%.0| O 5
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Table 21

OVERBALANCE TABLE FOR TRANSFER OF UNIFORMLY

DISTRIBUTED LOAD TO ONE FIXED END JOINT

[n = 93 CL = n; displacemsnt
curve l1s parabole with apex at
movable end Joint; Ry = -0.5n2j

Ry = -n2 +'12]

Joint | OF R col co2 ¥

2 1.0 | -77 40.0 | 36.0 | --
3 1.0 | -72 38.5| 32.5 | --
by 1.0 | -65 36.0 | 28.0 | =--
5 1.0 | -56 32.5 | 22.5 | --
6 1.0 | -b45 28.0 | 16.0 | ==
T 1.0 | =32 22.5 8.5 | -=

8 1.0 | =17 16.0 0 -
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NACA TN No. 1457

OVERBAIANCE TABLE FOR TRANSFER OF UNIFORMLY

Table 22

DISTRIBUTED TOAD TO MOVABLE END JOIRT

WITH OTHER END JOINT FIXED

[n = 8; CL = n; displacement
curve is parabola with apex at
movable end Jointy Ry = 12,
except Rp = 0.5n2)}

Joint |OF | R co1 co2 | FF
OF {0.5 0 4] 0.5 | ==
1 1.0 1 0 ‘-e.o --
2 1.0 L -0.5 4.5 | --
3 1.0 9 -2.0 -8.0 | -~
L 1.0 | 16 4,5 | -12.5 | -~
5 1.0 | 25 -8.0 | -18.0 | =--
6 1.0 | 36 | -12.5 | -24.5 | --
7 1.0 | 49 | -18.0 | -32.0 | ~--
8 5 | 32 | -24.5 0 8
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Table 23

NACA TN No.

OVERBALANCE TABLE FOR TRANSFER OF UNIFORMLY DISTRIBUTED

I0AD TO A MOVABLE INTERMEDIATE JOINT

WITH ONE END JOINT FIXED

[m = 6 (d1stance FF +o movable end); n = L-(distance
FF to fixed end); CL = m + n} displacement curve
hss two parabolic segments with apexes at end jJoints}

2 _ e
Ry = 12 when 1 $n; Rmm-n—g-m—-at movable end;
R_,L=n2-1112+(n+m--f1)2 wvhen n<i<m + n]

Joint | OF R cor | co2 | FF
OF| 0.5 o | o 0.5 | --=-
1 1.0 1]0 2.0 | ----
2 1.0 b [-0.5 | wbe5 | cme-
3 1.0 9 |-2.0 | -8.0 | ====
Y 1.0 | 16 [-k.5 | 2.5 | 10.0
5 1.0 5 | -8.0 | 2.0 | ~=a=
6 1.0 4 | 2.5 | <5.5 | ----
7 1.0 | -11 | 2.0 8.0 [ -=--
8 1.0 | -16 5.5 9.5 | ~=m-
9 1.0 | -19 | 8.0 | 10.0 | ----

10 51 -10 | 95| o _—
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OVERBALANCE TABLE FOR TRANSFER OF LOAD UNIFORMIY

DISTRIBUTED OVER PART OF SEQUENCE ADJOINING

Table 24

FIXED END JOINT TO THAT JOINT

[m = 3 (length of unloaded segment); n = 6
(Length of loaded segment); CL = nj dis-
placement curve 1s horlzontal line for
unloaded segment tengent to parabole for

losded segment; at movable end R = -0.5n%}
over remainder of unlosded segment F = -n<;

over loaded segment Fq = -n2 + iZ

Joint OF R col co2 ¥
-3 - -18 0 18.0 -
-2 - -35 | 18.0 | 18.0 --
-1 -——— -36 18.0 18.0 --

0 0.5 -36 | 18.0 | 17.5 -
1 1.0 -35 18.0 16.0 -
2 1.0 -32 | 17.5 | 13.5 --
3 1.0 27 | 16.0 | 10.0 -
by 1.0 -20 13.5 5.5 -
5 1.0 -11 | 10.0 o) --
6 F .5 ) 5.5 0 6
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Table 25

NACA TN No, 1457

OVERBALANCE TABIE FOR MUTUAL LIQUIDATION OF TWO EQUAL

BUT OPPOSITE FORCES WITH ONE FIXED END JOINT

[n = 4 (distance between original

loads); CL = 1; displacement
curve 1s sloping line between
original 1oa.d.a ,
1i=n; R

= 21 when

w}gen i 2n,

exoept R m 1 at movable end ]

Joint—f OF | R | cor | co2 | FF
-3 -— | - - - | --
) - - - - -
-1 - - - - -

0 1]0 0 1| --

-~ | 2 0 2 | --
2 -- s -1 -3 -
3 -- 6 -2 b oe-
L -1 8 -3 -l --
5 - | 8 .1 |-
6 - L -4 0 -




NACA TN No. 1457

RELATIVE OVERBALANCE FACTORS FOR UNLOADED SECTOR OF A SEQUENCE

Table 26

[k = 0.90]
(1) (2) (3) (%)
Joint co1 co2 R

0 0 ' 1.00000 ~1,00000
1 0.90000 1.32222 —2.22202
2 1.00000 1.93826 —2.93826

1.32222 2,98502 —4.30724
L 1.93826 4,69511 -6.63337
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Table 27

OVERBATANCE~FACTOR COMPUTATTONS ¥OR UNIFORM DISTRIBUTION OF CONCENTRATED

FORCE AT FREE END OF A SEQUENCE WITH OTHER END ASSUMED FIXED

[k = 0.90]
(1) (2) (3) (%) (5) (6) (7
Joint FL co2 co2 R, Ry CL
Assumed | (W)y , 1-(3)y-(5)g | 2 W), /0.9 | 05 (5), 0.5 ~ (3); - (6),
0 0.5 0 0.50000 0 0 0
1 1.0 0 2,11111 -1,11111 -0.55555 1.05555
2 1.0 0.50000 5.19135 -4 .69135 -2.34568 2.34568
3 1.0 2,11111 10.52521 -11.53632 -5.76816 4.15705
L 1.0 5.19135 18.97578 -23.16711 ~11.58356 . 6.89222
R

I

*
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Table 28

OVERBALANCE FACTCORS FOR UNIFORM DISTRIBUTTON WITHOUT NET LEAKAGK

OF A FORCE APPLIED AT THE END JOINT OF A SEQUENCE

[Sequence length, 4 bays; transfer factor, 0.9]

(1) (2) (3) (%) (5) (6)
Joint Rg AR R ) Net:
0 0 3.61527 3.61527 —2.753T5 0.86152
1 -1.11111 7.23055 6.1194h -4.39638 1.72306
2 —4.69135 7.23055 2.53920 -.81615 1.72305
3 -11.53632 7.23055 =4.30577 6.02881 1,72304
L —11,58356 3.61528 —7.96828 . 1.93760 —6,03068
Sum —0.0001L
A

-
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Table 29

OVERBALANCE FACTORS FOR UNIFPCRM DISIRIBUTTON OF A SINGLE FORCE AT

AN ERD JOIRT WITH VARIOUS JOINT'S ASSUMED FIXED

[n =k, X=0.90]

(1) (2) (3) (%) (5) (6) (") (8)
Joint R, R, £C0 Net R, LCO Net
0 3.61527 2,34567 | —L.61111 0.73%56 | 11.58355 —-9.92520 1.65835
1 6.11540 3.58024 | —2.11110 146014 | 22.05600 | —18.73929 3.31671
2 2.53920 0 1.46913 1.46013 | 18.47576 | —15.15906 3.31670
3 ~4.30577 | -6.84497 8.31409 1.46912 | 11,63079 -8.31409 3.31670
4 ~7.96828 | -9,23788 | 3.08024 | -6.1576k | © -5.23386 | -5.23386
CL 6.89220 6.80220 6.89221
AJL 0 ~.25392 1.59365

99
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Table 30
OVERBALARCE FACTCRS FOR UNIFCRM DISTRIBUITON OF EQUAL FCORCES ON
END JOINTS OF A SEQUENCE
[n=4; X=0.90]

(1) (2) (3) (%) (5) (6) (7)
Joint Rog £C0 Net Req Z00 Net

0 —4.35301 -0.81615 —5.16916 0 —-4,73386 —4.73386

1 1.81367 1.63243 3.44610 10.51969 ~6.20299 h.31670

2 5.07840 ~1.63230 3.44610 -13. 78442 ~0.46T72 4.31670

3 1.81367 1.63243 3.44610 10.51969 ~6,20299 k,31670

L ~J,35301 -.81615 -5.16916 0 ~4.73386 —4.73386

L 6.89221 6.89221
AL 0 87060

w:@;?
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Table 31

COMPUTATTONS FOR SHITFTING POLNT' OF APPLICATTON OF CORCERTRATED ILOAD

[o=4 X=0.9]

(1) (2) (3) (1) (5) (6) (1)
Joint Ry 7Ry ARy R, LCO Net
-0 3.61527 ~2.75110 0.8641T 0. 27776 0.58641

1 6.11944 —5.50220 .6172h . 55560 1.1728%
2 £,53920 0 ~5.50220 —2,96300 =.25553 ~3.51853
3 . 30577 10.42523 ~5.50220 61726 35557 1.17283

L4 —7.96828 11.58358 —2,75110 .86420 - 27777 58643

£ 22,00881
TJL 1.72305 1.17284 1.17284
CL 6.80222 4.69137 4.69137
y = 6.89222 X g%g’g = 4.69136

AT
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Table 32

COMPUTATTON (OF RESISTI'ANCE AT JOINT 2 FOR LIQUIDATION OF UNIFORMLY VARYING LOAD

ON EVER MUMBER OF BAYS

[Transfer factor, 0.90]
Row Ttem Formla 1=2 1=h 1=6 1 =28
1 1 2 1 6 8
2 o1 fx 2.20002 (1), b bl 8.88888 13.33333 17.TTTT8
3 | B Ry-term (5)y o= By y 1,00000 2.22200 3.93826 6.52046
h W—torn (6)1_\53 + (2)1-2 - (l")i—ll. 0 PR AT Y 18. T6540 50,589T2
5 2 Ri/k Ry-term 2.#2222 (3)4 2,22200 k.93826 B.75168 1%.50990
6 W-term 2.22222 (k), 0 9.87652 h1,70084 | 112.42148
T kB, R,-term 0.90 (3)4 0.90000 2,00000 3.54443 5.87651
8 | W-term 0.90 (%), 0 k.00000 | 16.88888 | 45.53074
9 | By ,+By+n
Ro-term (3), - (M) 1..00000 1.32020 1.93826 2.98503
10 Wetern (h)1 - (8)i ot (1), 2.00000 8.h4bhhy 20, 76540 k1.70086
1 R, -(Lo)i,l(g)i —£.00000 | —6.38656 | 10,7132 | -13.97000

48T 'ON NI VOVN
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Table 33

Froa eear—e arv T CETY AT o

’E AT JOLNT 1 FOR LIQUIDATIO

OF UNDFORMLY VARYING LOAD
ON OUD NIMBER OF BAYS

[Tru.nn:l’or fector, 0. 90]

Row Ttem Formula i=1 1=3 1=5 1=7
1 i 1 3 5 T
n N annnn 1\ - AnAee L et D ma amanaa A
c 21/k Cefcres \J.)i 2o 0,000V Jlellil] 1202200
3 Ry R—term (5)1-2 - (3)1-!; 1..00000 23, ppoop 6.16049 1046776
3 W—term (6); o~ (2)g o~ ()4, 0 8p.22000 | 11,60492 3467760
5 ) R:l/k R —tern 2.22200 (3)y4 2,00092 7.16049 13.68998 23,26169
6 Wetorm 2.22222 (&), 0 }.93826 25.788T1 TT7.06132
7 k R, R;—term 0.90 (3)4 0.90000 2.90000 5.54h44 9.42098
8 W-term 0.90 (4)y 0 2.00000 10. 44443 31.20984
9 R, ,+B;+n
R.—term (3). — (7). . 1.00000 2,32222 3.26049 h.92332
1 i 1~
10 W—term (3)g — (B)g o + (1)4 1.00000 5.22000 1% 60492 31.23317
11 R ~(10), /(9)4 -1.00000 | -—2.24881 | -4.47936 | -6.34392
a"R3 1+ 2/x) Ry + 2/

-«

04
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Table 34

UNIFORMLY VARYING IOAD CVER EIGHT BAYD

[ Transfer factor, 0.90; Ry = —13,9700]

COMFUTATTON AND VERIFICATTON OF RESISTANCES FOR LIQUIDATION OF

(1) (2) (3) (%) (5) (6) (7)
Joint Ry ~13.9700 Net £CO Net:
Ro—term | W-term RE—Zerm Ry force
0 0 0 0 0 6.28650 6.28650
2 1, 00000 0 -13.97000 | —13.97000 | 11.96999 | —2.0C00L
L o.opoon | wouuiy | 31.0M4h1 | -26.59997 | 22.5999% | —4.00003
6 3.93826 | 18.76540 | ~55.01749 | —36.25209 | 30.25206 | —6.00003
8; 6.52046 | 50.58972 | -91.21656 | —L0.62684
B, -20.313%2 16.3134% | —3.99998
AT
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Table 35

COMPUTATION AND VERTFICATION OF HESTISTANCES FOR LIQUIDATTON OF
UNIFCRMLY VARYING LOAD OVER SHVEN BAYS

[Tranafer factor, 0.90; R, = —6.34392]

(1) (2) (3) (%) (5) (6) (7)
Joint Ry —6.34392 Net £C0 Net
Ry—-tern W-term Rl—:erm Ry force
1 1.00000 0 -6.3k302 —6.34392 5.38392 1 <1.00000
3 3.22202 2.22222 | —20.44151 | -18.21929 | 15.21929 | ~3.00000
5 6.16049 | 11.60492 | —39.08166 | —27.4767h | 22.4T6Th [ —5.00000
(! 10.#6776 34.67760 | —66.49663 | —31.72903
Tn -15.86451 | 12.36453 | -3.k9998
AR
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Table 36

COMPUTATION OF CORRECTIONS FOR CRIGINAL TABLE OF RESTITARCES FOR UNIWORM DISTRIBUTION

—— T AT r———

OF A SINGLE FCGRCE APPLIED AT AN ERD JOINT WITH CTHER ERD ASSUMED FIXED

[Transfer factor, 0.88)

(1) (2) (3) (%) (3) | (&) (7) (8) (9) (10)
Joint | Original LCO Error | ACOL | ACO2 | AR; | Corrscted Lo Error
Ry Ry

0 0 0.50000 | © 0 0 0 0 0.50000 | ©

1 -1.13637 2.13637 | O 0 0 0 -1.13637 2.13637 | 0

2 4.85539 | 5.85540 | 1x10P| 4| o0 0| -4.8539 | 5.85539 | 0

3 -12.17136 | 13.17137| 1 =3 0 2 | =2.1713% | 13.1T13%k | ©

4 —25.07955 | 26.07958 | 3 -5 T | —25.07948 | 26.0794%9 | 1 x 1070
3 -47.10042 | 48.10047 1 5 22 =3 20 | -4#7.10022 | LB.10022 | O

6 —8h.23971. | 85.23981 {10 S1| -9 50 | ~B%.23921 | B5.23922 | 1

T -1h6.626h3 | 147.62660 |17 ~111 | -2 16 |{-146.62527 | 147.62528 | 1

8 -251.27530 | 252.27561 | 31 232 | /1 o250 | —251.27278 | 252.27258 | ©

9 426, 72722 | 427.72T73 | 51 467 | <111 5o7 | -426.72195 | 427.72195 | 0

10 —=720.83318 | 721.83405 | 87 -016 | —232 | 1061 |-T720.82257 | T21.82257 | O

A A
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74 NACA TN No. 1457
F—t—————— ¢
Joint 0 1 2 3 h 5 6 7 8
Original force O o 0 0 0 8 o 0 o
Final force 3 0 0] 0 0 (0] 0] 0 5

Figure 1.— Diagrem showing points O to 8.
trensferred to jJoints O and 8 located at Joint 5.

Force to be

—t—t+——+—+—+—+—+ 0
Joint 0 1 2 3 L 5 6 7 8
Original force O 0 0 0 o} 8 0 0 0
Final force 3 0 0 0 0 0 0 0 5
coi 0 0 -#B; -3R -#R; -IR, -2Rs —IRg 2R,
co2 —1 3R -8 - - —fRe -fRy O °
R 0 Rq Ry Rq Ry, Rs Rg Ry 0

Figure 2.— Overbalance diagram for transfer of single force to

oends of sequence. Transfer factor of unity. ‘Q:E§§§;7’
4 H 1 1 i - 1 i 1 46
a T i 1 — T — é}
Joint 0 1 2 3 L 5 6 T 8
Original force O 0 o} o} o} 8 0 0 o}
Final force 3 0 0 0 0 0 0 0 5
co1 0 0 3 6 9 12 15 10 5
co2 3 6 9 12 15 10 5 0 o
R 0 -6 -12 —18 24 —30 20 =10 0

Figure 3.— Overbalance diagrsm for tranasfer of single force to ends of

Speclal case of general femily
of transfer patterns in which a characteristic locad of m + n pounds
imposed at Joint n of a sequence of m + n. bays is trensferred to

geguence,

end Joints O and m + n.

Trangfer_factor of unity.

m=3;n

5.

NACA

k
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Joint 0 1 2 3 4 5 6 T 8
Original force 0 0 0 0 CL 0 0 0 0
Final force 1 0 0 0 0 0 0 0 1
co1 0 O R R By R, R R -R
co2 B R R, B R 3 0 0
R 0 B, Ry, Ry R, Rq R, R, o

Flgure 4. — Overbalance dia.gran'for transfer of alngle force fiom W
center of sequence to fixed end joints. Tranafer factor other
than unity.
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76 NACA TN No. 1457 .

120 pounds -
f _
% 8"
T Ia B
8“
%
E F
g" P
¥ ’
J K
8"
4 N 0]
J ,
60 pounds 60 pounds

Figure 5. — Schematic drawing of .one-half

the flat panel. W : - :



NACA TN No. 1457

46.8 2.0

v = 1.00
k.0

-101.6
(2.0)

(-50.8)
46.8 2.0
(46.8) (2.0)

Figure 6. — Operations diagrem for stringer
AEJN. TUnit block displacement of stringer
develops resistance of -8.0 at each inter—

mediate Joint. Xk = 0.921.
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2.0

k.0

NACA TN No. 1457

51.2

(2.0)

2.0

(2.0)

vy=1.00
~110.4

(-55.2)

51,2

(51.2)

Figure T. — Operatlions disgram for stringer
BFEKO., Unit block displacemsnt of gtringer
develops resistance of -8.0 at each inter—

mediate Joint.

k = 0,928,

W'

-
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Joint

0
Originel force O

Final force o
co1 0
co2 -Er,
R Rg

2

0

0
kR, -
—£Rs -
R

3
0
o
2
2

- R3

£ro

Figure 8.— Overbalance dlagram for unloaded sector of =a gequence,

4 { ] [ i 1 } ] [}

4 { 1 [] [} 1 1] ] L
Joint 0 1 2 3 L 5 6 7 8
Original force O 0 0 0 0 0 0 0 CL
Final force i 1 1 1 1 1 1 1 2
col ° o - - IRy -Emy —fRs fRe -Ix;
co2 ~-Er, —ER, —r, ~&m), -12235 —&Rg —]2537 -%rg ©
R 0 Ry R, Ry Ry, Rs Rg R Rg

Figure 9.— Overbalance disgrem for uniform distribution of single
force at one end of a sequence.

Other end fixed.



80 NACA TN No. 1457

[4 [l ] (] 1 i [} 1 [] ]

{ I I I 1 1 AR I ¥ 1
Joint .=l -2 o] 2 y 6 =l -2 n
Original force -L -2 0 2 4 6 o 2 n/2
Final force 0 o} 0 0 0 0 o} o} o}

col ke =, R o ~fRy  —ERy Ry g —BRak —Bpo

o2 %Ra 0 R -y -FRg  —2Rg "-%Rn-z —k Ry Y

R —Ry, —Rp o Rp Ry Rg Ry Rpep Ry

Figure 1l0.— Overbalance dlagrem for liquidation of uniformly varying load.

Even number of-bays- v

- : : : — : : {
Joint —3 -1 1 3 5 6 4 n-2 n
Ooriginal force -3 -1 1 3 5 -6 T n-h o2 n/2
Final force 0 0 0 0 0 0 0o 7 o 0

col 535 %R3 B - "é‘;-; ~%n8 ~TRab —Bhold ‘%Rn—a

coz B R Fs o B By ~Pae Wy O
R —Ry R Ry Ry R, B Boly  Rpp Ry
Figure 1l.— Overbalance diagrem for liquidation of unifomly varying load.

0dd. number of bays.
L\&A:_cﬁ,,a



